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ABSTRACT 
T h i s  i n v e s t i g a t i o n  s t u d i e s  the  short-wavelength buckl ing  ( o r  
the microbuckl ing)  and the  i n t e r l a m i n a r  and i n p l a n e  shear f a i l u r e s  of 
m u l t i - d i r e c t i o n a l  composi te  l a m i n a t e s  loaded  i n  u n i a x i a l  compression. 
A l a m i n a t e  model is p resen ted  t h a t  i d e a l i z e s  each lamina. The f ibers  
i n  the lamina are modeled as a plate,  and the  ma t r ix  i n  the  lamina is 
modeled as an e las t ic  foundat ion .  The out-of-plane w d i sp lacement  
f o r  each p l a t e  is expressed  as a t r igonomet r i c  series i n  the ha l f -  
wavelength of the mode shape for l amina te  short-wavelength buckl ing.  
Nonl inear  s t r a in -d i sp lacemen t  r e l a t i o n s  are used. The model is 
a p p l i e d  t o  symmetric l amina te s  having l i n e a r  material behavior .  The 
l a m i n a t e s  are loaded  i n  uniform end s h o r t e n i n g  and are s i m p l y  
suppor ted .  
A l i n e a r  a n a l y s i s  is used t o  de te rmine  the l amina te  stress, 
s t r a i n ,  and mode shape when short-wavelength buck l ing  occurs .  The 
e q u a t i o n s  f o r  the  l amina te  compressive stress a t  short-wavelength 
buck l ing  are dominated by ma t r ix  c o n t r i b u t i o n s .  The effects o f  f i be r  
volume f r a c t i o n  on the compressive stress a t  short-wavelength buckl ing  
is r e p o r t e d  f o r  a l amina te  with any stacking sequence and any 
t h i c k n e s s .  
d i s c u s s e d .  
The l a m i n a t e  mode shape  a t  short-wavelength buck l ing  is 
A n o n l i n e a r  a n a l y s i s  f o r  laminae wi th  i n i t i a l  i m p e r f e c t i o n s  is 
used t o  de t e rmine  l amina te  stresses and i n t e r l a m i n a r  s t r a i n s .  R e s u l t s  
are p resen ted  for imperfect ion-ampli tude-to- lamina-thickness  r a t i o s  of 
0.1 and 0.5.  The n o n l i n e a r  behav io r  of CO,ls, C0/90Is, C+45Is, and 
C+45/0/-45/90Is l a m i n a t e s  is d i scussed .  R e s u l t s  are p resen ted  f o r  
l a m i n a t e  stress, end s h o r t e n i n g ,  and w d i sp lacement .  The w 
d isp lacement  g r a d i e n t s  cause s i g n i f i c a n t  i n t e r l a m i n a r  shear s t r a i n s  
a t  l a m i n a t e  stresses that  are much lower than  t h e  l amina te  stress 
y X Z  
a t  shor t -wavelength  buck l ing ,  and the d i s t r i b u t i o n  of these s t r a i n s  is 
descr ibed .  The effect  of f iber  volume f r a c t i o n  on the n o n l i n e a r  
l a m i n a t e  r e sponse  is p r e s e n t e d  f o r  [ O  1 and [+451 l amina te s .  2 s  S 
A f a i l u r e  c r i t e r i o n  f o r  compression-loaded l a m i n a t e s  is 
d i s c u s s e d .  Laminate f a i l u r e  t h a t  is i n i t i a t e d  by outer- lamina 
buck l ing ,  by i n t e r l a m i n a r  shear s t r a i n s  from lamina i m p e r f e c t i o n s ,  o r  
by i n p l a n e  m a t r i x  s h e a r i n g  is cons ide red .  The l a m i n a t e  s t r e n g t h  is 
c a l c u l a t e d  as a f u n c t i o n  of lamina o r i e n t a t i o n  for [+els l amina te s .  A 
s imple  method referred t o  as the  s t i f f n e s s - r a t i o  method is d e s c r i b e d  
0 
f o r  p r e d i c t i n g  the strength of 0 -dominated l amina te s .  
CHAPTER 1 
INTRODUCTION 
Composite materials are be ing  widely used i n  a v a r i e t y  of 
a p p l i c a t i o n s  r ang ing  from s p o r t i n g  equipment t o  pr imary s t r u c t u r e s  f o r  
commercial t r a n s p o r t  a i r c r a f t .  The d e s i g n  of composi te  s t ructures  is 
o f t e n  a combinat ion of t r a d i t i o n a l  p r a c t i c e s  used f o r  meta l  s t r u c t u r e s  
and e m p i r i c a l  c r i t e r i a .  T h i s  d e s i g n  t echn ique  is easy t o  use b u t  
n e g l e c t s  t he  unique mechanisms tha t  dominate t h e  behavior  of composi te  
s t r u c t u r e s .  The most e f f i c i e n t  composi te  s t r u c t u r e s  are designed 
u s i n g  a thorough unde r s t and ing  of t h e  basic r e sponse  mechanisms of 
these m a t e r i a l s .  
The u n i a x i a l  compressive s t r e n g t h  of a composi te  l amina te  is a 
fundamental  p r o p e r t y .  The mechanics o f  u n i a x i a l  compressive f a i lu re  
have been s t u d i e d  by many researchers f o r  u n i d i r e c t i o n a l  l a m i n a t e s  
having  f ibe r s  parallel  t o  the l o a d i n g  d i r e c t i o n .  These l a m i n a t e s  f a i l  
when shor t -wavelength  buck l ing  ( o r  microbuckl ing)  of the  fibers occur s  
o r  when shear f a i l u r e  a t  the  f i b e r - m a t r i x  i n t e r f a c e  occur s .  Few 
similar i n v e s t i g a t i o n s  have been conducted f o r  m u l t i - d i r e c t i o n a l  
composi te  l a m i n a t e s  a l though  m u l t i - d i r e c t i o n a l  l a m i n a t e s  are more 
1 
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widely used t h a n  u n i d i r e c t i o n a l  l a m i n a t e s  i n  composi te  s t r u c t u r a l  
components. T h i s  s t u d y  i n v e s t i g a t e s  the  short-wavelength buckl ing  o f  
m u l t i - d i r e c t i o n a l  composi te  l a m i n a t e s  loaded  i n  compression. T h i s  
s tudy  a l s o  addresses the  i n t e r l a m i n a r  shear fa i lures  due t o  sho r t -  
wavelength imper fec t ions  and t h e  inp lane  shear f a i l u r e s  i n  these 
l amina te s .  The r e s u l t s  o f  t h i s  s tudy  are r e p o r t e d  he re in .  
1 .1  Chronologica l  Review o f  t he  Literature 
T h i s  s e c t i o n  rev iews  t h e  l i t e ra ture  on models f o r  p r e d i c t i n g  
the  compressive s t r e n g t h  o f  composi te  materials. T h i s  review focuses  
on s t u d i e s  t h a t  emphasize the  short-wavelength buck l ing  phenomenon and 
t h e  i n t e r l a m i n a r  shear f a i l u r e s  due t o  short-wavelength i n i t i a l  
imper fec t ions .  The rev iew is c h r o n o l o g i c a l  except t h a t  similar 
subsequent  p u b l i c a t i o n s  by an au tho r  are d i s c u s s e d  with the f i rs t  
r e f e r e n c e .  A summary of t h e  r e v i e x  is fcund a t  t he  end of  t h i s  
s e c t i o n .  
I n  1960 Dow and G r u n t f e s t  E11 p o s t u l a t e d  t h a t  t h e  compressive 
f a i l u r e  o f  u n i d i r e c t i o n a l  l amina te s  was the  r e s u l t  o f  e i ther  of t h e  
fo l lowing  two phenomena: ( 1 )  high  t e n s i l e  stresses pe rpend icu la r  t o  
t h e  load ing  d i r e c t i o n  and a t  the  f ibe r -ma t r ix  i n t e r f a c e ;  or ( 2 )  
buck l ing  of t h e  f ibe r s  w i t h i n  the  mat r ix .  
o f t e n  called t r a n s v e r s e  t e n s i o n  f a i l u r e ,  and the  l a t t e r  phenomenon is 
o f t e n  called microbuckl ing.  An e q u a t i o n  t o  p r e d i c t  t he  l amina te  
The former phenomenon is 
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compressive s t r e n g t h  a t  microbuckl ing was de r ived  us ing  r e f e r e n c e  2 
and is based on a model c o n s i s t i n g  of columns suppor ted  by an  e las t ic  
foundat ion .  An e m p i r i c a l  c o n s t a n t  was inc luded  i n  t h i s  equat ion .  
T h i s  r e f e r e n c e  was the f irst  t o  a s s o c i a t e  f i b e r  i n s t a b i l i t y  wi th  t h e  
compressive s t r e n g t h  o f  u n i d i r e c t i o n a l  lamina tes .  
F r i ed  [31, F r i e d  and Kaminetsky 1 4 1 ,  and F r i e d  C51 s t u d i e d  the  
i n f l u e n c e  of  the  ma t r ix ,  t h e  r e in fo rcemen t ,  and the  matr ix-  
r e in fo rcemen t  i n t e r f a c e  on the compressive f a i l u r e  of composite 
materials. Experimental  r e s u l t s  from u n i d i r e c t i o n a l  l amina te s  were 
r e p o r t e d  i n  r e f e r e n c e  3 and l ed  F r i e d  t o  sugges t  the fo l lowing  f a i l u r e  
sequence:  t h e  r e in fo rcemen t  phase i n  a composi te  material carr ies  the  
compressive l o a d  u n t i l  the r i g i d  ma t r ix  phase y i e l d s ;  upon y i e l d i n g ,  
t he  ma t r ix  f lows  and no longe r  s u p p o r t s  the r e in fo rcemen t ;  t h e  
re inforcement  buck le s ;  and the composite material f a i l s  
c a t a s t r o p h i c a l l y .  The l amina te  compressive s t r e n g t h  was expressed  as 
a l i n e a r  f u n c t i o n  of  the ma t r ix  y i e l d  stress by assuming t h a t  ( 1 )  the 
maximum stress i n  the  ma t r ix  is i ts  y i e l d  stress and t h a t  ( 2 )  the  
s t r a i n  i n  the  ma t r ix  is t h e  same as the s t r a i n  i n  the  re inforcement .  
I n  h i s  i n v e s t i g a t i o n  F r i ed  a l s o  i d e n t i f i e d  the  s t r a i g h t n e s s  o f  the 
r e in fo rcemen t  and the  bond between the r e in fo rcemen t  and the  mat r ix  as 
secondary  effects on the compressive s t r e n g t h .  
Experimental  r e s u l t s  i n  a subsequent  s t u d y  [ 4 1  suppor ted  
F r i e d ' s  i n i t i a l  conc lus ions .  The r e s u l t s  i n  r e f e r e n c e  4 showed t h a t  
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the compressive s t r e n g t h  for u n i d i r e c  t i o n a i  l a m i n a t e s  i n c r e a s e s  with 
i n c r e a s i n g  m a t r i x  y i e l d  stress f o r  the  materials s t u d i e d .  The y i e l d  
stress f o r  each ma t r ix  material was p resen ted ,  b u t  no other p r o p e r t i e s  
(e.g., Young's modulus or shear modulus) of the m a t r i x  were 
d i scussed .  
F r i ed  [SI  a l s o  s t u d i e d  t h e  compressive f a i l u r e  o f  f i l a m e n t  
wound [0/90]s-class  l amina te s .  He observed i n t e r l a m i n a r  c r a c k i n g  i n  
f a i l e d  compression specimens.  T h i s  f a i l u r e  mode f o r  specimens loaded 
i n  compression was similar t o  t h e  f a i l u r e  mode for specimens loaded i n  
i n t e r l a m i n a r  shear, and F r i e d  assumed t h a t  f a i l u r e  was the  r e s u l t  o f  
debonding a t  t h e  mat r ix- re inforcement  i n t e r f a c e  f o r  bo th  load  cases. 
F r i ed  sugges t ed  t h a t  debonding i n i t i a t e d  a t  voids .  Exper imenta l  
r e s u l t s  showed t h a t  l amina te  compressive s t r e n g t h  was i n v e r s e l y  
p r o p o r t i o n a l  t o  void  con ten t .  A s  d iscussed i n  r e f e r e n c e s  3 and 4, t h e  
compressive s t r e n g t h  for l amina te s  w i t h  very low void  c o n t e n t s  was 
l i m i t e d  by the ma t r ix  y i e l d  stress. 
Leventz C61 s t u d i e d  the i n f l u e n c e  o f  f i b e r  diameter on the 
compressive s t r e n g t h  of glass-epoxy composi te  materials. Experimental  
r e s u l t s  showed t h a t  t h e  compressive s t r e n g t h  was maximized us ing  a 
0.005-in.-diameter glass f iber .  The range  of f i b e r  diameters f o r  t h i s  
s t u d y  was from 0.001 i n c h e s  t o  0.010 inches .  Leventz  r e p o r t e d  that  
the f a i l u r e  mode for the u n i d i r e c t i o n a l  composi te  materials i n  h i s  
s t u d y  appeared  t o  be a combinat ion of f i b e r  i n s t a b i l i t y  and ma t r ix  
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shear f a i l u r e .  
was p r o p o r t i o n a l  t o  the squa re  of  t h e  f i b e r  diameter a l though  the  
expe r imen ta l  r e s u l t s  d i d  not  s u p p o r t  t h i s  theory. Leventz r e p o r t e d  
tha t  t h e  larger diameter f i b e r s  were more c o l l i m a t e d  t h a n  the  smaller 
diameter f i b e r s ,  b u t  he d i d  n o t  i n v e s t i g a t e  t h e  i n f l u e n c e  o f  f i b e r  
s t r a i g h t n e s s  on the  l amina te  compressive s t r e n g t h .  
He sugges t ed  t h a t  the l amina te  compressive s t r e n g t h  
I n  1965 Rosen E71 r e p o r t e d  on h i s  c lass ic  s tudy  o f  t he  
compressive f a i l u r e  o f  u n i d i r e c t i o n a l  composi te  materials. T h i s  s tudy  
focused  on f i b e r  i n s t a b i l i t y  i n  glass-epoxy l a m i n a t e s  u s i n g  a two- 
d imens iona l  model. The f ibe r s  were modeled as columns suppor ted  by a n  
e l a s t i c  ma t r ix  founda t ion .  Rosen sugges t ed  t h a t  compressive f a i l u r e  
f o r  a u n i d i r e c t i o n a l  composi te  material occur red  when the f ibers  
buckled i n t o  e i ther  of two p o s s i b l e  short-wavelength modes, t h e  
e x t e n s i o n  mode o r  the  shear mode. These mode shapes  are  shown i n  
f i g u r e  1 . 1 .  For t he  e x t e n s i o n  mode, t he  deformat ion  o f  t he  ma t r ix  
material between f ibe r s  is e x t e n s i o n  i n  the  d i r e c t i o n  pe rpend icu la r  t o  
t h e  f ibers .  For t h e  shear mode, shear deformat ion  o c c u r s  i n  the 
ma t r ix  material. The wavelength is s h o r t  compared t o  t h e  l e n g t h  o r  
t h e  wid th  o f  the  tes t  specimen f o r  both buck l ing  modes. Using a n  
energy  f o r m u l a t i o n ,  Rosen o b t a i n e d  
[YI Em “ I  ”* - ‘c - 2vf 3(1 -Vf )  ( 1 . 1  1 
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for the  e x t e n s i o n  mode and 
2 2 





(J = -  + (1.2) 
f o r  the shear mode where 
= compressive s t r e n g t h  o f  t he  u n i d i r e c t i o n a l  composi te  
uC 
material 
Vf = f i b e r  volume f r a c t i o n  
Em = Young's modulus f o r  the  ma t r ix  
Ef  = Young's modulus f o r  t h e  f i b e r  
G = shear modulus f o r  the  matrix m 
h = f i b e r  d iameter  
A = half-wavelength of  the buckl ing  mode shape 
The magnitude of t he  second term i n  e q u a t i o n  (1 .2)  is small compare, 
t o  the  magnitude of t he  first term s i n c e  the  half-wavelength is much 
l a r g e r  than the  f ibe r  diameter. Neglec t ing  t h e  second term, Rosen 
ob ta ined  the approximate (and more familiar) e q u a t i o n  f o r  t h e  shear 
mode 
Gm 
C 1 -vf u =  
7 
The composi te  material compressive s t r e n g t h  was p r e d i c t e d  us ing  the  
lower v a l u e  from e q u a t i o n s  (1.1 and (1 .3) .  Equat ion  (1.3) g i v e s  the  
lower p r e d i c t i o n  f o r  most composite materials. 
Rosen recognized  t h a t  equa t ion  (1.31 gave p r e d i c t e d  s t r e n g t h s  
tha t  were two t o  three times greater than  exper imenta l  s t r e n g t h s  when 
the  e las t ic  shear modulus o f  the ma t r ix  was used. He ob ta ined  more 
r e a l i s t i c  s t r e n g t h  p r e d i c t i o n s  by assuming t h e  ma t r ix  shear modulus 
was a f u n c t i o n  of  the  a p p l i e d  load .  
Unl ike  p rev ious  t h e o r i e s ,  Rosen 's  a n a l y s i s  d i d  no t  use 
e m p i r i c a l  factors f o r  p red ic t ing  compressive s t r e n g t h .  Also, equa t ion  
( 1 . 3 )  i l l u s t r a t e s  that  the  composite material compressive s t r e n g t h  is 
a f u n c t i o n  of the ma t r ix  shear modulus f o r  f i b e r - i n s t a b i l i t y - i n i t i a t e d  
f a i l u r e s .  
The r e s u l t s  from r e f e r e n c e  7 were also inc luded  i n  a 
subsequent  r e p o r t  by Dow and Rosen [ 8 ] .  Also, DOW, Rosen, and Hashin 
[91 modi f ied  e q u a t i o n  (1.3) t o  account  f o r  an  e l a s t i c - p e r f e c t l y -  
p las t ic  response  of the mat r ix .  The mat r ix  material was assumed t o  be 
i s o t r o p i c  and incompress ib le  after y i e l d i n g .  The a u t h o r s  o f  r e f e r e n c e  
9 ob ta ined  
1 /2 
vf Ef af 
'c = [ 3(1-Vf)  ] (1.41 
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where u is the  y i e l d  stress o f  the  m a t r i x ,  and the  o t h e r  v a r i a b l e s  
Y 
are d e f i n e d  above. The use  of e q u a t i o n  (1 .4)  is l i m i t e d  s i n c e  many 
ma t r ix  materials do n o t  e x h i b i t  e l a s t i c - p e r f e c t l y - p l a s t i c  behavior .  
Ekva l l  [ l o ]  also s t u d i e d  f i b e r  i n s t a b i l i t y  f o r  glass-epoxy 
l a m i n a t e s  loaded  i n  compression. He observed t h a t  the ma t r ix  y i e l d e d  
well b e f o r e  l a m i n a t e  f a i l u r e .  T h i s  o b s e r v a t i o n  c o n t r a d i c t e d  the  
theo ry  i n  r e f e r e n c e  3.  Ekva l l  p red ic t ed  t h e  buck l ing  wavelength f o r  
f iber  i n s t a b i l i t y  t o  b e  on the  o r d e r  o f  a f i b e r  diameter, and t h i s  
p r e d i c t i o n  agreed wi th  h i s  expe r imen ta l  r e s u l t s .  
Hayashi C 1 1 l  r e p o r t e d  on a "shear i n s t a b i l i t y  f a i l u r e "  f o r  
o r t h o t r o p i c  materials. He p o s t u l a t e d  t h a t  such a f a i l u r e  occurred  
when a material 's f l e x u r a l  r i g i d i t y  was s i g n i f i c a n t l y  greater than  i ts  
shear r i g i d i t y .  This  concept  of  a shear-deformation-dominated 
i n s t a b i l i t y  f o r  o r t h o t r o p i c  materials is t h e  same as t h a t  d i scussed  by 
Rosen C71 for f i b e r - r e i n f o r c e d  composi te  materials. Hayashi minimized 
the  p o t e n t i a l  energy o f  a compression-loaded o r t h o t r o p i c  material and 
o b t a i n e d  an  e x p r e s s i o n  f o r  the s t r e n g t h  a s s o c i a t e d  with the  shear 
i n s t a b i l i t y  f a i l u r e  
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where oC is t h e  compressive s t r e n g t h  and '  G is t h e  shear modulus of 
the  material. The shear modulus f o r  a u n i d i r e c t i o n a l  composi te  
material can be  c a l c u l a t e d  as  a f u n c t i o n  of c o n s t i t u e n t  p r o p e r t i e s  
from 
- Gm 
Gc - Gm v - + ( l - V y )  
f G, 
(1 .6 )  
where Gc is t h e  s h e a r  modulus f o r  a u n i d i r e c t i o n a l  composi te  
m a t e r i a l  and Gf is the  shear modulus of t he  f i b e r  (see r e f e r e n c e  
1 2 ) .  The o t h e r  variables are d e f i n e d  i n  t he  p receed ing  paragraphs. 
The shear modulus of the  f i b e r  is much greater than  the shear modulus 
of  the ma t r ix  f o r  most f i b e r - r e i n f o r c e d  composi te  materials, and the  
f i rs t  term i n  the  denominator of e q u a t i o n  (1.6) can be  neg lec t ed .  The 
shear modulus f o r  a u n i d i r e c t i o n a l  composi te  material is approximated 
by 
Gm 
Gc = 1 -Vy (1 .7)  
GC When e q u a t i o n  (1 .7)  is s u b s t i t u t e d  i n t o  e q u a t i o n  (1.5) (Note: G = 
f o r  composi te  materials), e q u a t i o n  (1 .3 )  is  ob ta ined .  
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Independent  of Rosen, Schuerch C131 a l s o  o b t a i n e d  equa t ions  
(1 .1  and (1.3) for the short-wavelength buck l ing  o f  u n i d i r e c t i o n a l  
composi te  materials. Schuerch tested boron-magnesium l amina te s  and 
ob ta ined  good c o r r e l a t i o n  between theory and experiment .  
I n  1966 Foye t 1 4 1  showed t h a t  t h e  upper bound f o r  any 
material 's compressive s t r e n g t h  was i ts  shear modulus (c f . ,  e q u a t i o n  
(1 .5 ) ) .  Also,  he showed t h a t  t h i s  upper bound couf? be  approximated 
by e q u a t i o n  (1 .3)  f o r  u n i d i r e c t i o n a l  composi te  materJ ia l s .  Foye 
sugges ted  t h a t  d i f f e r e n c e s  between exper imenta l  s t r e n g t h s  and 
predic ted  s t r e n g t h s  f o r  composi te  materials were due t o  " l o c a l  
imper fec t ions . "  He observed f ibe r  i n s t a b i l i t y  i n  randomly l o c a t e d  
r e g i o n s  throughout  the  material. He a l s o  modified h i s  compressive 
s t r e n g t h  p r e d i c t i o n s  by inc lud ing  t h e  effects  of v o i d s  and mat r ix  
f i l l e r s .  
Some researchers a t tempted  t o  i s o l a t e  f i b e r  i n s t a b i i i t y  i n  z 
l amina te  by s tudy ing  a s i n g l e  f iber  surroufided by mat r ix .  Hermann, 
Mason, and Chan [15] developed a beam model that  inc luded  i n i t i a l  
waviness o f  the beam. The a u t h o r s  o f  r e f e r e n c e  15 found t h a t  the 
short-wavelength buck l ing  l o a d s  p r e d i c t e d  by their model agreed wi th  
similar l o a d s  for the e x t e n s i o n  mode i n  r e f e r e n c e  13. Also, t h e  
r e sponse  o f  t h e  model was s i g n i f i c a n t l y  i n f l u e n c e d  by the  i n i t i a l  
waviness  o f  t he  beam. Sadowsky, Pu, and Hussain C161 developed a 
model t o  s t u d y  f i b e r  i n s t a b i l i t y  caused by manufacturing-induced 
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r e s i d u a l  thermal stresses. The a u t h o r s  of r e f e r e n c e  1 6  p r e d i c t e d  the  
compressive s t r a i n  f o r  short-wavelength buck l ing  o f  the f i b e r .  They 
showed t h a t  the shear deformat ion  o f  the f iber  had a n e g l i g i b l e  e f fec t  
on t h e  f i b e r  compressive s t r a i n  a t  buck l ing  for most composite 
materials. The p red ic t ed  s t r a i n s  appear  t o  be  more t h a n  a n  o rde r  o f  
magnitude greater than  exper imenta l  r e s u l t s .  
Crawford [ I 7 1  s t u d i e d  t h e  compressive behavior  o f  a boron- 
polyimide-f i lm l a y e r e d  composi te  material. A n a l y t i c a l  and 
expe r imen ta l  r e s u l t s  were presented .  Crawford modif ied the a n a l y s i s  
o f  r e f e r e n c e  13 t o  account  f o r  any inp lane- load-car ry ing  c a p a b i l i t y  o f  
t h e  mat r ix .  The i n p l a n e  a x i a l  s t i f f n e s s  o f  t h e  boron l a y e r  was 
expressed  as a f u n c t i o n  o f  the layer 's  i n i t i a l  waviness. Crawford 
sugges t ed  t h a t  t h i s  i n i t i a l  waviness  caused i n t e r l a m i n a r  normal and 
shear stresses t h a t  r e s u l t e d  i n  l amina te  f a i l u r e  p r ior  to  s h o r t -  
wavelength buckl ing.  He p r e d i c t e d  t h e  ampl i tude  and half-wavelength 
of the i n i t i a l  waviness for t h i s  l amina te  t o  b e  approximate ly  f i v e  
times and e i g h t y  times the  t h i c k n e s s  of t he  boron l a y e r ,  
r e s p e c t i v e l y .  
Y U e ,  e t  a l .  Cl8l s t u d i e d  the compressive behavior  o f  A1-CuA1, 
e u t e c t i c  composi te  materials. The a u t h o r s  o f  r e f e r e n c e  18 expanded 
the r e s u l t s  o f  r e f e r e n c e  9 to  model l i n e a r  s t ra in-hardened  mat r ix  
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materials and o b t a i n e d  r easonab le  agreement between t h e o r e t i c a l  and 
expe r imen ta l  s t r e n g t h s .  
Lager and June C191 used Rosen 's  resul ts  [7] t o  expe r imen ta l ly  
s tudy  the  effect  of matrix modulus and of f i be r  volume f r a c t i o n  on the  
u n i d i r e c t i o n a l  compress ive  s t r e n g t h  o f  boron-epoxy l amina te s .  Two 
matrix materials were used t o  f a b r i c a t e  specimens w i t h  f i b e r  volume 
f r a c t i o n s  r ang ing  from 0.05 t o  0.46. 
modif ied e q u a t i o n s  ( 1  .1 ) and (1 .3)  by i n c l u d i n g  a n  " i n f l u e n c e  
c o e f f i c i e n t "  t h a t  was de termined  e m p i r i c a l l y .  They used the  i n f l u e n c e  
c o e f f i c i e n t  t o  accoun t  f o r  s o f t e n i n g  of the matrix wi th  i n c r e a s i n g  
a p p l i e d  load .  The c o e f f i c i e n t  was the same f o r  bo th  equa t ions .  The 
s t r e n g t h  of specimens f a b r i c a t e d  u s i n g  the s t i f f e r  m a t r i x  were h igher  
than  the  s t r e n g t h  of similar specimens f a b r i c a t e d  us ing  the  s o f t e r  
ma t r ix .  The expe r imen ta l  s t r e n g t h s  f o r  specimens having  f i b e r  volume 
f r a c t i o n s  less than  t e n  p e r c e n t  ag reed  wi th  t he  p r e d i c t e d  s t r e n g t h s  
from modif ied e q u a t i o n  ( l . l ) ,  and the expe r imen ta l  s t r e n g t h s  f o r  
specimens having f i b e r  volume f r a c t i o n s  g r e a t e r  t han  t e n  p e r c e n t  
ag reed  wi th  the p red ic t ed  s t r e n g t h s  from modif ied e q u a t i o n  (1 .3) .  
The a u t h o r s  o f  r e f e r e n c e  19 
Chung and Testa C201 a p p l i e d  B i o t ' s  mechanics o f  i nc remen ta l  
de fo rma t ions  [21] t o  a model f o r  f i b r o u s  composi te  materials i n  t h e i r  
s t u d y  o f  shor t -wavelength  buckl ing .  The model c o n s i s t e d  o f  f i b e r  
beams suppor t ed  by an  e las t ic  matrix founda t ion .  The a u t h o r s  of 
r e f e r e n c e  20 c a l c u l a t e d  the  l a m i n a t e  stress t h a t  buckled  f ibers  i n t o  
either the e x t e n s i o n  mode o r  the shear mode ( f i g u r e  1.1) .  The 
e q u a t i o n s  f o r  these stresses reduced t o  Rosen's e q u a t i o n s  C71 ( i .e , ,  
e q u a t i o n s  ( 1 . 1 )  and (1 .3 ) )  when the buckl ing  wavelength was much 
g r e a t e r  t han  the t h i c k n e s s  of the m a t r i x  between f ibers .  The a u t h o r s  
of r e f e r e n c e  20 a l s o  p r e s e n t e d  expe r imen ta l  r e s u l t s  from specimens 
w i t h  f i b e r  volume f r a c t i o n s  less than  0.10 t h a t  agreed w i t h  their 
a n a l y t i c a l  results. The e q u a t i o n s  i n  r e f e r e n c e  20 are u s e f u l  b u t  much 
more d i f f i c u l t  t o  u s e  than  the  e q u a t i o n s  i n  r e f e r e n c e  7. 
Russ ian  researchers have a l s o  predicted the  compressive 
s t r e n g t h  of u n i d i r e c t i o n a l  composi te  materials [22-271. They o b t a i n e d  
e q u a t i o n  (1.5) us ing  n o n l i n e a r  e l a s t i c i t y  theo ry  C22-24,26,271. 
Skudra ,  Kalnays,  and Bulavs [25]  p o s t u l a t e d  t h a t  t h e  l a m i n a t e  
compressive s t r e n g t h  was s t r i c t l y  a f u n c t i o n  of compressive and shear 
fa i lures  of t h e  composi te  material's c o n s t i t u e n t s .  L i m i t e d  
expe r imen ta l  results are a l s o  p r e s e n t e d  i n  r e f e r e n c e s  24 and 25. 
De F e r r a n  and Harris C281 s t u d i e d  t h e  compressive s t r e n g t h  o f  
steel-wire - p o l y e s t e r - r e s i n  composi te  materials. They sugges t ed  t h a t  
the  l a m i n a t e  compressive f a i l u r e  was a f u n c t i o n  of the wire ( c ?  f i b e r )  
t e n s i l e  s t r e n g t h  and t h a t  a s imple  "rule-of-mixtures"  a n a l y s i s  could  
p r e d i c t  the  compressive s t r e n g t h .  They o b t a i n e d  expe r imen ta l  
s t r e n g t h s  tha t  agreed with their  p r e d i c t e d  s t r e n g t h s  a l t h o u g h  the  
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* analysis neglects any of the fiber instabilities or matrix failures 
documented in previous studies. 
Kiusalaas and Jaunzemis C291 also used incremental deformation 
theory C211 to study short-wavelength buckling of composite materials. 
Their investigation was motivated by the beam-on-an-elastic-foundation 
model used by Chung and Testa C201. Kiusalaas and Jaunzemis derived a 
continuum theory for buckling of a laminated medium. The medium 
consisted of alternating fiber and matrix layers. The results of 
reference 29 reduce to the results of reference 20. 
Hayashi C301 and Hayashi and Koyama C311 expanded Hayashi's 
previous theory for the compressive strength of orthotropic materials 
E 1 1 1  to unidirectional composite materials. Hayashi E301 assumed that 
a compression-loaded composite material fails when the axial stress i n  
the matrix equals the "shear instability limit" of the matrix, (I a 
# 
m 
He defined this limit as the shear modulus of the matrix and 
calculated the compressive strength of a unidirectional composite 
material by assuming equal axial strain in the fiber and the matrix. 
Hayashi obtained the rule-of-mixtures equation 
= UfVf + um(l-Vf) * 
(1.8) 
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where of is the f iber  stress corresponding  to the a x i a l  s t r a i n  a t  
f a i l u r e .  The other v a r i a b l e s  are de f ined  i n  the  preceeding  
paragraphs .  The f ibe r  had l i n e a r  e las t ic  material response.  T h i s  
a n a l y s i s  c o n s i d e r s  ma t r ix  i n s t a b i l i t y  ( i n s t e a d  o f  f i b e r  i n s t a b i l i t y )  
as the  cause  of  l amina te  f a i l u r e .  The p r e d i c t e d  s t r e n g t h s  from 
e q u a t i o n  (1.8) were compared t o  exper imenta l  s t r e n g t h s  i n  r e f e r e n c e s  
30 and 31. Only some of t he  data agreed wi th  the p r e d i c t i o n s ,  and no 
e x p l a n a t i o n  was g iven  f o r  d i s c r e p a n c i e s  between a n a l y t i c a l  and 
exper imenta l  r e s u l t s .  
Independent  of Hayashi, Or r inge r  C321 a l s o  p o s t u l a t e d  t h a t  a 
ma t r ix  i n s t a b i l i t y  could  cause compressive f a i l u r e  of composi te  
materials. Or r inge r  de f ined  a "mat r ix  c r i t i c a l  s t r a i n "  and c a l c u l a t e d  
the  composi te  material 's  s t r e n g t h  a t  t h i s  s t r a i n  us ing  a ru le -of -  
mix tu res  equa t ion .  He a l s o  s t u d i e d  short-wavelength buckl ing  of  
fibers. Or r inge r  sugges ted  t h a t  q f p r o g r e s s i v e  buckl ing"  of  the f ibers  
l e d  t o  l amina te  f a i l u r e .  He assumed tha t  t he  p r o g r e s s i v e  buckl ing  
started a t  v o i d s  or a t  d isbonds  w i t h i n  the lamina te .  
I n  1972 Greszczuk [33,34] r e p o r t e d  on h i s  exper imenta l  
i n v e s t i g a t i o n s  of  the effects of  the c o n s t i t u e n t s  on the  compressive 
strength of fiber- and lamina- re inforced  composi te  materials. These 
i n v e s t i g a t i o n s  i n c l u d e  the most thorough exper imenta l  r e s u l t s  t o  date. 
The a u t h o r  v a r i e d  the  ma t r ix  material, the  f i b e r  material, t he  f iber  - 
diameter, t h e  f ibe r  volume f r a c t i o n  of the specimen, t h e  i n i t i a l  
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i m p e r f e c t i o n s  ( i .e. ,  i n i t i a l  waviness)  i n  the  specimen, the specimen 
geometry, and the specimen's  boundary c o n d i t i o n s  f o r  u n i d i r e c t i o n a l  
f i b e r - r e i n f o r c e d  specimens. Creszczuk performed similar s t u d i e s  f o r  
l amina - re in fo rced  specimens w i t h  6061-T6 aluminum laminae.  He 
r e p o r t e d  on the i n f l u e n c e  o f  c o n s t i t u e n t  p r o p e r t i e s  on t h e  composi te  
material's compressive fa i lure  mode. Short-wavelength buck l ing  of the 
r e in fo rcemen t  occur red  when the shear modulus of  t he  m a t r i x  was low. 
Compressive s t r e n g t h  f a i lu re  of the r e in fo rcemen t  occur red  when t h e  
shear modulus of the  matrix was high. I n i t i a l  i m p e r f e c t i o n s  
s i g n i f i c a n t l y  decreased the  s t r e n g t h  of a l l  specimens.  The resul ts  
p r e s e n t e d  i n  r e f e r e n c e s  33 and 34 were a l s o  p r e s e n t e d  i n  subsequent  
r e p o r t s  C35-391. 
Sua rez ,  Whiteside, and Hadcock C 4 O l  s t u d i e d  the  compressive 
s t r e n g t h  of m u l t i - d i r e c t i o n a l  boron-epoxy l a m i n a t e s .  Th i s  s tudy  was 
one of t h e  f irst  to i n v e s t i g a t e  lamina i n s t a b i l i t y  i n  mul t i -  
d i r e c t i o n a l  l a m i n a t e s .  The a u t h o r s  of r e f e r e n c e  40 assumed tha t  the  
outer-most  laminae  buckled i n  a short-wavelength mode; t he  remainder  
of t h e  l a m i n a t e  was treated as an e l a s t i c  founda t ion  wi th  bo th  
e x t e n s i o n a l  and s h e a r i n g  s t i f f n e s s .  The f ibe r s  i n  the outer-most 
laminae  were a lways  o r i e n t e d  p a r a l l e l  t o  the d i r e c t i o n  of l o a d i n g  
(i.e.,  O-degree l aminae ) .  Some expe r imen ta l  r e s u l t s  agreed wi th  
p r e d i c t e d  s t r e n g t h s  when the  i n i t i a l  waviness  of the  o u t e r  laminae was 
inc luded  i n  t h e  a n a l y s i s .  The a u t h o r s  assumed t h a t  the  r a t i o  o f  
waviness  ampl i tude  t o  lamina t h i c k n e s s  ranged from 0.2 t o  0.4. 
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Fi lament  f a i l u r e  and g l o b a l  i n s t a b i l i t y  of the specimen were a l s o  
d i s c u s s e d .  
Hackett, Tarpy,  and Wood t 4 1 1  s tud ied  f iber  i n s t a b i l i t y  by 
per forming  tests on a s i n g l e  s teel  wire embedded i n  a b lock  of epoxy 
r e s i n .  They o b t a i n e d  the load  and stress d i s t r i b u t i o n  a t  buckl ing  
u s i n g  a p h o t o e l a s t i c  stress a n a l y s i s  and compared these expe r imen ta l  
results w i t h  a n a l y t i c a l  r e s u l t s  they  o b t a i n e d  u s i n g  a f i n i t e  e lement  
a n a l y s i s .  The a u t h o r s  of r e f e r e n c e  41 r e p o r t e d  r e a s o n a b l e  agreement 
between t h e  expe r imen ta l  and the a n a l y t i c a l  r e s u l t s .  T h i s  s tudy  
i l l u s t r a t e s  a u s e f u l  test t echn ique  bu t  has l i m i t e d  a p p l i c a t i o n  t o  t h e  
shor t -wavelength  buck l ing  of composi te  l a m i n a t e s .  
L a n i r  and Fung C42l cons ide red  t h e  buck l ing  and pos tbuck l ing  
r e sponse  o f  c y l i n d r i c a l  columns o f  ma t r ix  r e i n f o r c e d  wi th  p a r a l l e l ,  
s t r a i g h t  f ibers .  They sugges t ed  that  the compressive f a i l u r e  of a 
u n i d i r e c t i o n a l  l a m i n a t e  occurred a t  a load  much g r e a t e r  than  the 
b u c k l i n g  load  of the f iber .  They d i d  not c o n s i d e r  a shor t -wavelength  
buck l ing  mode as the i n i t i a l  mode shape f o r  the  buckled f ibe r .  The 
b u c k l i n g  mode shape  changed with i n c r e a s i n g  load  ( t h e  wavelength 
decreased with i n c r e a s i n g  l o a d ) .  They assumed that  f a i l u r e  r e s u l t e d  
from h i g h  stresses a t  the f i b e r - m a t r i x  i n t e r f a c e .  
Independent  o f  r e f e r e n c e s  1 1  and 1 4 ,  Kao and P i p k i n  C431 
showed t h a t  the c r i t i c a l  stress f o r  short-wavelength buck l ing  was 
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e q u a l  t o  the shear modulus of  the composite material (see e q u a t i o n  
(1.5)).  They also showed tha t  t he  shear mode for  short-wavelength 
buckl ing  was a n  admiss ib le  deformation f o r  f i b e r - r e i n f o r c e d  columns. 
This  s t u d y  d i s c u s s e s  short-wavelength buckl ing  as a basic response 
phenomenon f o r  u n i d i r e c t i o n a l  l a m i n a t e s ;  t h e  compressive f a i l u r e  of  
such l a m i n a t e s  is not  d i scussed .  
Kulkarn i ,  Rice, and Rosen [ 4 4 , 4 5 1  modified e q u a t i o n  (1 .3)  t o  
account  f o r  shear deformation of the  f iber  and for imperfec t  bonding 
a t  t h e  f i b e r - m a t r i x  i n t e r f a c e .  They o b t a i n e d  an  e x p r e s s i o n  f o r  t h e  
Compressive s t r e n g t h  of a u n i d i r e c t i o n a l  lamina te ,  
r 1 -( 1 -k)V, 
1 uc = Gm 
1 - ( 1  - Gm k ) V f  
L 
where Gf is the  shear modulus of the  f i b e r  and k is a bonding 
parameter .  They d e f i n e d  the  range f o r  k as 
- ( - ) S k S l  (1  . l o >  
where t h e  limits r e p r e s e n t  no bonding and per fec t  bonding, 
r e s p e c t i v e l y .  The a u t h o r s  showed that  the compressive s t r e n g t h  
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p r e d i c t e d  by e q u a t i o n  (1.9)  was less t h a n  t h e  compressive s t r e n g t h  
p r e d i c t e d  by e q u a t i o n  ( 1 . 3 ) .  
Davis [46,47] inc luded  both  n o n l i n e a r  material behavior  and 
i n i t i a l  waviness of the laminae i n  h i s  a n a l y s i s  of  the compressive 
s t r e n g t h  of  u n i d i r e c t i o n a l  composi te  materials. A model c o n s i s t i n g  of 
f i b e r  l a y e r s  and m a t r i x  layers was analyzed as a m u l t i l a y e r e d  
Timoshenko beam loaded  i n  compression. The mat r ix  m a t e r i a l  had a 
n o n l i n e a r  shear s t r e s s - s t r a i n  behavior .  Davis measured the i n i t i a l  
waviness of  the laminae i n  h i s  boron-epoxy specimens,  and the r a t io  of 
i n i t i a l  waviness ampl i tude  t o  lamina t h i c k n e s s  ranged from 0.2 t o  1.6. 
He assumed t h a t  f a i l u r e  was caused either by de laminat ion  or by s h o r t -  
wavelength of t h e  lamina. Davis referred t o  thes short-wavelength 
buckl ing  as a shear i n s t a b i l i t y .  He found t h a t  shear i n s t a b i l i t y  was 
the dominant cause  of f a i l u r e  fo r  these specimens. Compressive 
s t r e n g t h  p r e d i c t i o n s  based on e q u a t i o n  (1.5) agreed w i t h  t he  
exper imenta l  r e s u l t s .  
Hanasaki and Hasegawa C481 and Wang C491 independent ly  
conducted s t u d i e s  similar t o  t h a t  conducted by Davis C461. The 
r e s u l t s  of r e f e r e n c e s  48 and 49 are also similar t o  the r e s u l t s  of 
r e f e r e n c e  46. 
Evans and Adler C501 sugges ted  t h a t  f i b e r  k inking  was t h e  
dominant f a i l u r e  mechanism for u n i d i r e c t i o n a l  lamina tes .  Kinking 
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o c c u r r e d  subsequent  t o  short-wavelength buckl ing  w i t h i n  the lamina te .  
The a u t h o r s  of  r e f e r e n c e  50 s t u d i e d  the  mechanics of f i b e r  k inking  and 
o b t a i n e d  a approximate e x p r e s s i o n  f o r  t h e  l l c r i t i ca l  k ink  format ion  
stress." They p r e s e n t e d  exper imenta l  r e s u l t s  from three-dimensional  
carbon-carbon woven composi te  material specimens to  i l l u s t r a t e  kink 
geometry . 
Similar t o  Evans 'and Adler ,  Maewal [51] s t u d i e d  t h e  s h o r t -  
wavelength b u c k l i n g  and p o s t b u c k l i n g  behavior  o f  u n i d i r e c t i o n a l  
l a m i n a t e s  i n  compression. He used a three-layer model c o n s i s t i n g  of  a 
f i be r  l a y e r  surrounded by matrix layers t o  a n a l y z e  the shear mode 
b u c k l i n g  and i n i t i a l  p o s t b u c k l i n g  o f  these l a m i n a t e s .  Maewal found 
t h a t  h i s  model p r e d i c t e d  a p o s t b u c k l i n g  s t i f f n e s s  for t h e  l a m i n a t e  
t h a t  was approximate ly  one- th i rd  of  t h e  prebuckl ing  s t i f f n e s s  of  t h e  
lamina te .  He sugges ted  t ha t  i n i t i a l  waviness of t he  f ibe r  l a y e r  d i d  
n o t  s i g n i f i c a n t l y  affect  the short-wavelength b u c k l i n g  stress. These 
r e s u l t s  c o n t r a d i c t  p r e v i o u s  s t u d i e s  t h a t  show u n i d i r e c t i o n a l  l a m i n a t e s  
have no p o s t b u c k l i n g  s t i f f n e s s  and show t h a t  i n i t i a l  waviness  of  t he  
laminae s i g n i f i c a n t l y  affects the  stress d i s t r i b u t i o n  i n  t h e  l a m i n a t e  
(e .g . ,  r e f e r e n c e  46). 
Budiansky C521 used the r e s u l t s  o f  the  p r e v i o u s  two s t u d i e s  
C50,511 i n  h i s  i n v e s t i g a t i o n  of f iber  kinking.  H e  inc luded  mat r ix  
p l a s t i c i t y  and i n i t i a l  waviness  of the  f ibe r s  i n  h i s  a n a l y s i s  o f  
kinking.  Budiansky i d e n t i f i e d  the shear s t i f f n e s s  and shear strength 
of  the composi te  material as t h e  most impor t an t  parameters a f f e c t i n g  
"kink s t r e n g t h . "  Th i s  r e f e r e n c e  c o n t a i n s  a good d i s c u s s i o n  of t he  
importance of unde r s t and ing  t h e  r o l e  of the m a t r i x  and the r o l e  of 
i n i t i a l  waviness  of the  f ibers  i n  p r e d i c t i n g  the compressive s t r e n g t h  
of u n i d i r e c t i o n a l  l amina te s .  
Hahn and Williams E531 s t u d i e d  t h e  compressive fa i lure  
mechanisms o f  u n i d i r e c t i o n a l  composi te  materials u s i n g  a n o n l i n e a r  
model t h a t  i nc luded  i n i t i a l  waviness  o f  t h e  f i b e r  ( c a l l e d  f i b e r  
c u r v a t u r e )  and n o n l i n e a r  material behav io r  f o r  the ma t r ix .  The 
a u t h o r s  of r e f e r e n c e  53 de termined  the l o a d i n g  on a s i n g l e  f i b e r  
sur rounded by matrix and o b t a i n e d  
= V  G % f c  ( 1 . 1 1 )  
f o r  the  compressive s t r e n g t h  o f  a u n i d i r e c t i o n a l  l a m i n a t e  with a 
l i n e a r  e l a s t i c  ma t r ix  and s t r a i g h t  f ibers .  I n  e q u a t i o n  (1.11) Gc is 
the composi te  material shear modulus. A l a m i n a t e  f a i l s  when s h o r t -  
wavelength buck l ing  occur s .  Equat ion  ( 1 . 1 1 )  d i f fe rs  from p rev ious  
p r e d i c t i o n s  [7,111 by the  f a c t o r  Vf .  Hahn and Williams s u g g e s t  t h a t  
t h i s  d i f f e r e n c e  is the  r e s u l t  of the  free body diagram used i n  the  
a n a l y s i s .  As expec ted ,  they  found that  the compressive s t r e n g t h  of 
composi te  l a m i n a t e s  w i t h  m a t r i x  material n o n l i n e a r i t y  and w i t h  i n i t i a l  
waviness  of the  f iber  was less that  the  compressive s t r e n g t h  o f  
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composi te  l a m i n a t e s  w i t h  a l i n e a r  e las t ic  ma t r ix  and s t r a i g h t  f ibers.  
Th i s  r e f e r e n c e  also i n c l u d e s  exper imenta l  r e s u l t s  for compressive 
s t r e n g t h  as a f u n c t i o n  of c o n s t i t u e n t  p r o p e r t i e s .  The a u t h o r s  o f  
r e f e r e n c e  53 observed changes i n  the  l amina te  f a i l u r e  mode caused by 
changes i n  the  material p r o p e r t i e s  o f  t he  mat r ix .  
I n  summary, researchers have s t u d i e d  the  f a i l u r e  mechanisms 
f o r  compression-loaded composi te  l a m i n a t e s  f o r  t h e  past twenty-f ive 
yea r s .  Most o f  these s t u d i e s  have focused on the short-wavelength 
buck l ing  of  u n i d i r e c t i o n a l  l amina te s  and on the  i n t e r l a m i n a r  shear 
f a i l u r e s  due  t o  lamina imper fec t ions  i n  these lamina tes .  Researchers 
have ob ta ined  r e a s o n a b l e  c o r r e l a t i o n  between theo ry  and experiment  
u s i n g  g e o m e t r i c a l l y  and/or  materially non l inea r  ana lyses .  The short- 
wavelength buck l ing  and shear fa i lures  o f  m u l t i - d i r e c t i o n a l  l amina te s  
i n  compression have r ece ived  very l i m i t e d  a t t e n t i o n .  These l amina te s  
were modeled as  the  outer-most lamina suppor ted  by an  e l a s t i c  
founda t ion ,  and the  short-wavelength buckl ing  of  the  i n t e r i o r  laminae 
was neg lec t ed .  The outer-most laminae always had f i b e r s  p a r a l l e l  t o  
I 
the  l o a d i n g  d i r e c t i o n .  No g e n e r a l  t heo ry  e x i s t s  f o r  ana lyz ing  shor t -  
wavelength buck l ing  and shear f a i l u r e s  i n  compression-loaded symmetric 
m u l t i - d i r e c t i o n a l  l amina te s .  
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1.2 O b j e c t i v e  and Scope 
The o b j e c t i v e  of t h i s  i n v e s t i g a t i o n  is t o  s t u d y  the  s h o r t -  
wavelength buck l ing  and the i n t e r l a m i n a r  shear fa i lure  due t o  s h o r t -  
wavelength i m p e r f e c t i o n s  of m u l t i - d i r e c t i o n a l  l a m i n a t e s  loaded i n  
u n i a x i a l  compression. The i n p l a n e  shear f a i l u r e  w i t h i n  a n i s o t r o p i c  
laminae is a l s o  addressed f o r  these m u l t i - d i r e c t i o n a l  l amina te s .  A 
model t h a t  focuses  on these s p e c i f i c  phenomena is p resen ted .  The 
model is used t o  ana lyze  l a m i n a t e s  w i t h  o r t h o t r o p i c  o r  a n i s o t r o p i c  
laminae.  The s t a c k i n g  sequence of each l amina te  i n  t h i s  s tudy  is 
symmetric wi th  r e s p e c t  t o  the l a m i n a t e ' s  middle s u r f a c e .  A l i n e a r  
a n a l y s i s  is used t o  de te rmine  the  l amina te  stress, s t r a i n ,  and mode 
shape when short-wavelength buckl ing  occurs .  A n o n l i n e a r  a n a l y s i s  
t h a t  assumes i n i t i a l l y  i m p e r f e c t  ( i , e . ,  i n i t i a l l y  wavy) laminae is 
used t o  c a l c u l a t e  the l a m i n a t e  stresses and i n t e r l a m i n a r  s t r a i n s .  The 
i n i t i a l  imper fec t ion  f o r  each  lamina has the same shape as the 
l a m i n a t e ' s  short-wavelength buck l ing  mode. A r e su l t  o f  t h i s  
i n v e s t i g a t i o n  is a f a i l u r e  c r i t e r i o n  based on short-wavelength 
buck l ing  of t h e  laminae and shear fa i lures  w i t h i n  t h e  lamina te .  
Chapter  2 
ANALYSIS. 
T h i s  c h a p t e r  p r e s e n t s  a model f o r  t h e  shor t -wavelength  
buck l ing  and shear r e sponse  o f  compression-loaded composi te  l amina te s .  
The model c o n s i d e r s  t h e  i n t e r l a m i n a r  shearing due t o  shor t -wavelength  
i n i t i a l  i m p e r f e c t i o n s  and t h e  i n p l a n e  s h e a r i n g  i n  these laminates. 
The govern ing  e q u a t i o n s  of the model are der ived  from f i r s t  p r i n c i p l e s  
u s i n g  an  energy fo rmula t ion .  The l o a d i n g  and boundary c o n d i t i o n s  of 
t he  model are d iscussed .  The s o l u t i o n  of t he  govern ing  e q u a t i o n s  is 
descr ibed .  A l i n e a r  a n a l y s i s  is performed t o  o b t a i n  t he  e i g e n v a l u e s  
and e i g e n v e c t o r s  a s s o c i a t e d  w i t h  shor t -wavelength  buck l ing  i n  t h e  
l amina te .  A n o n l i n e a r  a n a l y s i s  is performed t o  o b t a i n  t h e  stress 
d i s t r i b u t i o n  i n  a l a m i n a t e  wi th  i n i t i a l l y  imperfect laminae.  
2.1 D e r i v a t i o n  of t h e  Governing Equa t ions  
2.1 .l Model D e s c r i p t i o n  
The geometry of a t y p i c a l  l a m i n a t e  is shown i n  f i g u r e  2.1. 
The x-y-z c o o r d i n a t e  system is referred t o  as the l a m i n a t e  c o o r d i n a t e  
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sys tem.  The l a m i n a t e  is r e c t a n g u l a r  having  l e n g t h  a and width b. 
0 
A +e f iber  o r i e n t a t i o n  i n  the lamina is i n d i c a t e d  i n  the f i g u r e .  
The l a m i n a t e  is symmetric wi th  r e s p e c t  t o  t he  middle surface, the z=O 
p lane .  
The fundamental  e lement  f o r  the model i n  t h i s  s t u d y  is a 
i d e a l i z e d  lamina.  The c r o s s - s e c t i o n s  o f  a t y p i c a l  lamina and of an 
i d e a l i z e d  lamina are i l l u s t r a t e d  i n  f i g u r e  2.2. The t y p i c a l  lamina 
has t h i c k n e s s  t ,  and the f ibers  are modeled as  a p l a t e  (hereafter 
referred as the  f l f i b e r - p l a t e l f )  and the  matrix is modeled as a n  elastic 
f o u n d a t i o n  (hereafter referred t o  as t h e  l lmat r ix- foundat ionl l ) .  The 
f i b e r - p l a t e  and mat r ix- foundat ion  have uniform t h i c k n e s s e s  tf and 
tm 9 respectively,  where 
tf = V f t  
Vf is the  f iber  volume f r a c t i o n  o f  the  l amina te .  Combining e q u a t i o n s  
(2.1 1, 
t = tf + 2 t m  (2 .2)  
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I d e a l i z e d  laminae are assembled t o  form the model f o r  a laminate .  The 
model f o r  a t y p i c a l  l amina te  is shown i n  f i g u r e  2.3. The l i n e a r  
e l a s t i c  p r o p e r t i e s  used i n  t h i s  analysis are p resen ted  i n  T a b l e  2.1. 
The f i b e r - p l a t e  p r o p e r t i e s  are t y p i c a l  p r o p e r t i e s  f o r  a graphi te-epoxy 
lamina. The mat r ix- foundat ion  p r o p e r t i e s  are n e a t  r e s i n  p r o p e r t i e s  
from r e f e r e n c e  54. The t y p i c a l  lamina t h i c k n e s s  is 0.0052 inches .  
I n i t i a l  imper fec t ions  i n  t h e  f i b e r - p l a t e  are a l so  inc luded  i n  
the model. Prev ious  a u t h o r s  have referred to these i n i t i a l  
imper fec t ions  as i n i t i a l  waviness  of the  f ibers  o r  as f i b e r  cu rva tu re .  
The i n i t i a l  imper fec t ions  i n  t h i s  s tudy  have the  same shape as the  
short-wavelength buckl ing  mode shape  f o r  the lamina te .  
2.1.2 Fiber-Plate C o n t r i b u t i o n s  
A g e o m e t r i c a l l y  n o n l i n e a r  p l a t e  theory is used f o r  t h e  f iber -  
( i >  ,,(ill and ( i>  p l a t e s .  The i t h  f i b e r - p l a t e  has d i sp lacemen t s  u , 
i n  t h e  x, y,  and z d i r e c t i o n s ,  r e s p e c t i v e l y .  The theo ry  f o r  t he  
f i b e r - p l a t e s  is d e r i v e d  u s i n g  the Kirchhoff  assumptions:  
1 .  Normals t o  the undeformed middle  s u r f a c e  of each fiber- 
p l a t e  remain s t r a igh t ,  normal,  and i n e x t e n s i o n a l  du r ing  
deformat ion  so that  the  t r a n s v e r s e  normal s t r a i n s  E~ and 
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t r a n s v e r s e  s h e a r i n g  s t r a i n s  Y and Yxz i n  the  f i b e r - p l a t e  
YZ 
may be n e g l e c t e d ;  and 
i n  the f i b e r - p l a t e  are % 2. T ransve r se  normal stresses 
small compared t o  the o t h e r  normal stress components and may 
be  neg lec t ed  i n  t he  s t r e s s - s t r a i n  r e l a t i o n s .  
The f irst  assumption leads t o  the fo l lowing  e x p r e s s i o n s  f o r  t he  fiber- 
plate  d i sp lacemen t s ,  
0 
( i )  are d i sp lacemen t s  i n  the x, y,  and z ( i ) O  ( i) ' ,  and where u , v  
d i r e c t i o n s ,  r e s p e c t i v e l y ,  f o r  the middle s u r f a c e  of the i t h  fiber- 
plate ,  z is the  through- the- th ickness  c o o r d i n a t e  of the fiber-plate 
- 
, and s u b s c r i p t s  x and y preceeded by tf - such  t h a t  - 2 4 2 1 *  
commas deno te  p a r t i a l  d i f f e r e n t i a t i o n  with respect t o  x o r  y. The 
0 
W ( i )  d i sp l acemen t  is the sum o f  the d i sp lacemen t s  due t o  t h e  i n i t i a l  
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i m p e r f e c t i o n  of the f i b e r - p l a t e  
l o a d i n g  w, ( i )  , i . e , ,  
wo ( i )  and the  d isp lacement  due t o  
The e x p r e s s i o n s  f o r  the  normal and shear s t r a i n s  i n  the i t h  
f i b e r - p l a t e  are 
0 
are the normal and s h e a r i n g  s t r a i n s  ( i ) O  ( i )  , and Y ( i > O  where Ex s E Y XY 
f o r  the middle  s u r f a c e  of t h e  i t h  f i b e r - p l a t e ,  and K ( i )  K ( i ) ,  and 
X ' Y  
K ( i )  are the  c u r v a t u r e s  of t h e  i t h  f i b e r - p l a t e .  The middle s u r f a c e  
XY 
s t r a i n s  are d e f i n e d  u s i n g  the von Karman n o n l i n e a r  s t r a i n - d i s p l a c e m e n t  
r e l a t i o n s  and i n c l u d e  the  i n i t i a l  i m p e r f e c t i o n s  of the  f i b e r - p l a t e .  
These s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  assume that  the  s t r a i n s  are small 
compared to  u n i t y ,  that  r o t a t i o n s  r e l a t i v e  t o  the x and y 
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directions are moderately small, and that rotations relative t o  the z 
direction are negligibly small. The strain-displacement relations for 
the ith fiber-plate are 
0 
Y (i)O (il + ( i),( i I 
l’x l’y 
(i)O 
+ bX = u, XY Y 
The normal and shearing strains are zero when the fiber-plate is 
unloaded. The curvatures are defined by 
The initial imperfection does not appear in the definition of the 
curvatures since the curvatures are determined by the change in slope 
of the middle surface from the initial middle surface geometry. 
Each f i b e r - p l a t e  is homogeneous and has  l i n e a r  e las t ic  
A f i b e r - p l a t e  ""has s p e c i a l l y  o r t h o t r o p i c  material material behavior .  
symmetry w i t h  r e s p e c t  to  a p r i n c i p a l  material c o o r d i n a t e  system. T h i s  
c o o r d i n a t e  system has axes  that are p a r a l l e l  (1-ax is )  and 
p e r p e n d i c u l a r  (2-ax is )  t o  the f i b e r  o r i e n t a t i o n  i n  the f i b e r - p l a t e ,  
and these a x e s  are i l l u s t r a t e d  i n  f i g u r e  2.4 f o r  a +e f iber  
. 
0 0 
o r i e n t a t i o n  (-90 S 0 6 +90 1. The l amina te  c o o r d i n a t e  axes  x and y 
are  a l so  i l l u s t r a t e d  i n  the f i g u r e .  The c o n s t i t u t i v e  r e l a t i o n  f o r  a 
s p e c i a l l y  o r t h o t r o p i c  f iber -p la te  is 
where {u} and { E }  are the  inp lane  stresses and s t r a i n ,  r e s p e c t i v e l y ,  
and [Q]  are the  reduced s t i f f n e s s e s  f o r  the  f i b e r - p l a t e .  The reduced 
s t i f f n e s s e s  are c a l c u l a t e d  us ing  material properties and 
Q l l  = E,1/(1-v12v21 1 
Q12 = Y 2  E 22 /(1-v12v21 1 
Q22 = E22/(1-v 12 v 21 
Q66 G12 
(2 .9 )  
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where 
E,1 = Young’s modulus i n  t h e  d i r e c t i o n  p a r a l l e l  t o  the  
f ibers  
E22 = Young’s modulus i n  t he  d i r e c t i o n  pe rpend icu la r  t o  
t h e  f ibers  
G,2 = shear modulus i n  t he  1-2 p lane  
= major Po i s son’ s  r a t i o  v1 2 
v = minor Poisson’s  r a t io  21 
The i t h  f i b e r - p l a t e  has g e n e r a l l y  o r t h o t r o p i c  material 
symmetry w i t h  respect t o  the l amina te  c o o r d i n a t e  system. 
c o n s t i t u t i v e  r e l a t i o n  f o r  t he  i t h  f iber -p la te  is 
The 
- -  - - 
‘11 ‘12 ‘16 
- - - 
‘12 ‘22 ‘26 (2.10) 
- - - 
, Q16 Q26 ‘66 
where i o ? ( i )  are the  f i b e r - p l a t e  stresses i n  the  l amina te  c o o r d i n a t e  
system, { E } ‘ ~ )  are d e f i n e d  by equa t ions  (2.5) and (2.6), and [a] ( i )  
are t h e  t ransformed reduced s t i f f n e s s  o f  t h e  i t h  f i b e r - p l a t e .  The 
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t ransformed reduced s t i f f n e s s e s  are c a l c u l a t e d  u s i n g  e q u a t i o n s  (2.9) 
and 
-(i) = Q ~ , C O S  4e i  + 2(Q12+2Q66)cos 2 e . s i n  2 e + 4 e i  Q l 1  1 i 
4 Q,, i )  = (Q,1+Q22-4Q66)sin 2e i c o s  2 e i  + Q 1 2 ( s i n  4 e i  + cos  4 e i )  
4 
+ Q ~ ~ C O S  e i  - ( i )  = Q , , s i n  4 e i  + 2(Q12+2Q66)s in  2 8 . ~ 0 s  2 e Q22 1 i 
- ( i )  = (Q -Q -2Q66)s in  Bicos 3 e i  + (Q12-Q22+2Q66)sin 3 e i c o s  e i  
‘1 6 11 12 
(2.1 1 )  
where e i  is the  f i b e r  o r i e n t a t i o n  of t h e  i t h  f i be r -p l a t e .  For 
0 0 
convenience,  f i b e r - p l a t e s  wi th  e . =  0 o r  w i t h  0 . =  90 are 
subsequent ly  referred to  as o r t h o t r o p i c  f i b e r - p l a t e s .  F i b e r - p l a t e s  
wi th  any other ei 
1 1 
are subsequent ly  referred t o  as a n i s o t r o p i c  f iber-  
p l a t e s .  
The p o t e n t i a l  energy of the  i t h  f i b e r - p l a t e  is the sum of the 
p o t e n t i a l  energy of the a p p l i e d  l o a d s  and the s t r a i n  energy of the 
f i b e r - p l a t e .  The p o t e n t i a l  energy of the a p p l i e d  loads is z e r o  fo r  
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th i s  model a3 d i s c u s s e d  i n  section 2.1.5 Model Loading and Boundary 
( i )  is 
f P  
Cond i t ions .  The s t r a i n  energy of t h e  i t h  f i b e r - p l a t e  U 
(2.12) 
Using t h e  Kirchhoff  assumptions,  e q u a t i o n  (2.12) is s i m p l i f i e d  t o  
(2.13) 
Using e q u a t i o n s  (2.5) and (2.101, e q u a t i o n  (2.13) becomes 
(2.14) 
Equat ion (2.1 4 )  is i n t e g r a t e d  wi th  r e s p e c t  to  the  through-the- 
t h i c k n e s s  c o o r d i n a t e  z t o  o b t a i n  
- 
and are the  e x t e n s i o n a l  and bending s t i f f n e s s e s ,  ( i>  
j k  Jk 
where A 
r e s p e c t i v e l y ,  of t h e  i t h  f i b e r - p l a t e  and are d e f i n e d  by 
3s 
tf /2 
(2.16) (i) ,(ill - - (1, z2) dz 
( A j k  ’ j k  -tf/2 
The potential energy contribution of each fiber-plate to the total 
potential energy of the model is given by equation (2.15). 
2.1.3 Matrix-Foundation Contributions 
The matrix-foundations elastically support the fiber-plates. 
The ith matrix-foundation is located between the ith and the (i+l)th 
in the x ,  fiber-plates and has displacements u (i) , and w (i> (i> rn ’ ‘m rn 
y, and z directions, respectively. The displacements of the ith 
matrix-foundation in this model are a linear function of the 
displacements of the adjacent fiber-plates and are defined by 
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where the f i b e r - p l a t e  d i s p l a c e m e n t s  are d e f i n e d  by e q u a t i o n s  (2.3)’  
and Z is the through-the- thickness  c o o r d i n a t e  of the matr ix-  
f o u n d a t i o n  such  that  -tm I Z I tm. E v a l u a t i n g  the f i b e r - p l a t e  
d i s p l a c e m e n t s ,  e q u a t i o n s  (2.17) become 
The i n i t i a l  i m p e r f e c t i o n s  o f  the  a d j a c e n t  f i b e r - p l a t e s  do n o t  appear  
i n  e q u a t i o n s  (2 .18) .  Deformation i n  the matr ix-foundat ion is the  
r e s u l t  of d i s p l a c e m e n t s  due t o  l o a d i n g  of t h e  a d j a c e n t  f i b e r - p l a t e s .  
The mat r ix- foundat ions  i n  t h i s  model have e x t e n s i o n a l  
s t i f f n e s s  i n  t he  z d i r e c t i o n  and s h e a r i n g  s t i f f n e s s  i n  t h e  y-z and 
x-z p l a n e s .  The s t r a i n - d i s p l a c e m e n t  r e l a t i o n s  f o r  t h e  i t h  rnatrix- 
f o u n d a t i o n  are 
(2.19) 
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Equations (2.18) are substituted into equations (2.19) to obtain 
(2 .20 )  
Equations (2.20) show that the strains in the matrix-foundation are 
functions of the w displacements of the adjacent fiber-plates. The 
constitutive relations for  the ith matrix-foundation are 
(2.21 1 
where the matrix-foundation is a linear, elastic, homogeneous material 
and 
= Young's modulus of the matrix Em 
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Gm = s h e a r  modulus of t h e  matr ix  
*m = Poisson’s ra t io  of t h e  matr ix  
is The s t r a i n  energy of  t h e  i t h  mat r ix- foundat ion  Urn ( i )  
0 0 -tm 
(2.22) 
Using e q u a t i o n s  (2.20) and (2.211, e q u a t i o n  (2.22) becomes 
Grn tf [ (y + tm+ z)wl ,x  ( i + l )  + (7 tf + tm- Z ) w ( f ) I 2 }  dZ dy dx 1 x  
(2.23) 
Equat ion  (2.23) is i n t e g r a t e d  wi th  r e s p e c t  t o  t h e  through-the- 
t h i c k n e s s  c o o r d i n a t e  Z t o  o b t a i n  
39 
) I 1  dy dx (i-+l ),(i) + w(i+l ),(i> f m  l'y l'x l'x 
4 t; t f 
+ 2'7 + 2t t + y ( w , , y  
(2.24) 
The potential energy contribution of the ith matrix-foundation to the 
total potential energy of the model is given by equation (2.24) where 
i = 1, 2, .. . , (N-1) where N is the number of laminae in the 
laminate. The two outer-most matrix-foundation layers (figure 2.3) do 
not contribute t o  the potential energy of the model. The strains in 
the matrix-foundation result from differences in the w displacements 
of the fiber-plates. The outer-most matrix-foundation layers have a 
free surface on one side, and 
layers. 
and Ymz are zero for these 'myz 9 cmZ, 
2.1.4 Governing Equations for the Model 
The nonlinear equilibrium equations for the model are derived 
using the principle of stationary potential energy, i.e., the loaded 
model is in equilibrium if its total potential energy Il is 
stationary. This principle is stated mathematically in terms of the 
first variation of the total potential energy as 
6l-I = 0 (2.25) 
The total potential energy of the model is the sum of the 
fiber-plate and the matrix-foundation contributions, or 
(2.26) 
where N is the number of laminae in the laminate. Using equations 
(2.6), (2.71, (2.151, (2.241, and (2.261, equation (2.25) becomes 
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where the  stress r e s u l t a n t s  f o r  t h e  i t h  f iber-plate  N ( i ) ,  N ( i ) ,  and 
X Y 
are d e f i n e d  by N( i)  
X Y  
(2.28) 
and t h e  moment r e s u l t a n t s  for the i t h  f i b e r - p l a t e  
M ( i )  are d e f i n e d  by 
M ( i ) ,  M ( i ) ,  and 
X Y 
X Y  
The summations and i n t e g r a t i o n s  i n  e q u a t i o n s  (2.27) can  be  
i n t e r c h a n g e d  s i n c e  the  ser ies  of p o t e n t i a l  energy c o n t r i b u t i o n s  
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c o n s i s t s  of  con t inuous  f u n c t i o n s  and is uni formly  convergent  over  t h e  
r e g i o n  0 I x I a, 0 6 y 5 b (see r e f e r e n c e  55, p.589). 
Equat ion  (2 .27)  is sat isf ied when t h e  i n t e g r a n d  of the area 
i n t e g r a l  and when the  i n t e g r a n d s  o f  the boundary c o n d i t i o n  i n t e g r a l s  
e q u a l  z e r o  independent ly .  
d i f f e r e n t i a l  e q u a t i o n s  are o b t a i n e d  from the  area i n t e g r a l  and are 
s ta ted below: 
The govern ing  n o n l i n e a r  par t ia l  
f o r  i = 1 ,  2 ,  ..., N 
46 
] is an  o p e r a t o r  d e f i n e d  by 5(i)r where 
47 
and the constants are defined by 
The equations for the boundary condition are obtained from the 
boundary condition integrals and are stated below: 
for i = 1, 2, ..., N 
48 







fo r  i = 2, 3, ..., N-1 
fo r  i = N 
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(2.39) 
2.1.5 Model Loading, Boundary Cond i t ions ,  and S o l u t i o n  
Procedure  
The model is loaded  i n  compression by uniform end s h o r t e n i n g .  
N o  e x t e r n a l  l o a d s  are a p p l i e d  t o  the model (hence ,  the  p o t e n t i a l  
energy  of t h e  a p p l i e d  l o a d s  is z e r o ) .  T h i s  l o a d i n g  e n t e r s  t he  
a n a l y s i s  as a u d i sp l acemen t  boundary c o n d i t i o n  f o r  each f iber-plate  
and is expres sed  as 
0 
u ( i ) ( o , y )  = 0 
0 - 
u ( i ) ( a , y )  = -uo , i = I ,  2 ,  ..., N (2.40) 
The u and v d isp lacement  boundary c o n d i t i o n s  are chosen t o  
a s s u r e  tha t  t h e  model remains r e c t a n g u l a r  du r ing  load ing .  A 
r e c t a n g u l a r  shape  is t y p i c a l  f o r  composi te  l a m i n a t e s  i n  s t ruc tura l  
components. These boundary c o n d i t i o n s  f o r  each f i b e r - p l a t e  are 




are extansional stiffnesses fo r  the total T where A12 and A;2 
laminate and are defined by 
(2 .42)  
The v displacement boundary conditions are the result of Poisson 
expansion during loading. These boundary conditions prevent an 
anisotropic lamina from deforming into a parallelogram-type shape. 
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The model is simply suppor ted  on t h e  unloaded edges.  These 
s imple-support  boundary c o n d i t i o n s  are expressed  as 
a t  y = 0 and y = b 
w ( i )  = o  M ( ~ ) =  o , i = I ,  2, ...> N 
1 Y (2.43) 
The model w i t h  i n i t i a l  imperfe'ctions is loaded i n  the x 
d i r e c t i o n  and deforms i n t o  a short-wavelength buckl ing  mode. The 
half-wavelength of  the model's mode shape h is a lamina te  p r o p e r t y ,  
and the  c a l c u l a t i o n  of  X is d i s c u s s e d  i n  s e c t i o n  2.2 Linear  
Analys is .  Th i s  half-wavelength is assumed t o  be much smaller than  t h e  
l a m i n a t e ' s  l e n g t h  o r  the l a m i n a t e ' s  width.  The f i b e r - p l a t e s  i n  the  
model are assumed t o  behave as e l a s t i ca l ly  suppor ted  s e m i - i n f i n i t e  
s t r i p s  caus ing  the  w displacement  and moment boundary c o n d i t i o n s  a t  
x=O and a t  x=a t o  have a n e g l i g i b l e  effect  on t h e  short-wavelength 
buckl ing  behavior  of the  model. The w displacement  and moment 
boundary c o n d i t i o n s  f o r  t h i s  model are expressed  a long  node l i n e s  of 
t h e  mode shape and are 
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a t  = 0 and a t  = X 
(2.44) ( i )  Mx = 0 , i = 1 ,  2,  ..., N (i) 1 w = o  
where the  ?-axis is p a r a l l e l  t o  t h e  x-axis  and is i l l u s t r a t e d  i n  
f i g u r e  2.5. 
The Kantorovich method C56] is used throughout  t h i s  s t u d y  t o  
o b t a i n  s o l u t i o n s  to t h e  governing e q u a t i o n s  t h a t  s a t i s f y  t h e  boundary 
c o n d i t i o n s .  Each unknown is expressed  as a k i n e m a t i c a l l y  a d m i s s i b l e  
series o f  t he  7 c o o r d i n a t e .  An unknown f u n c t i o n  i n  t h i s  s t u d y  has 
the g e n e r a l  form 
where f ,  and f ,  are known f u n c t i o n s  determined from t h e  l i n e a r  
p r e b u c k l i n g  a n a l y s i s .  Equat ion  (2.45) is s u b s t i t u t e d  i n t o  t he  
govern ing  e q u a t i o n s ,  (2.30) t o  (2.331, and boundary c o n d i t i o n s ,  
(2.411, (2 .43) ,  and (2.44), t o  o b t a i n  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  
for the unknowns f s  and fc. 
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2.2 Linear Analysis 
The nonlinear governing equations are linearized to determine 
the laminate end shortening when short-wavelength buckling occurs. 
This end shortening is also referred to as the critical end shortening 
(U, 1 cr. The linearized equations are also used to determine the 
short-wavelength buckling mode shape. The linearized equations are 
derived using the adjacent-equilibrium criterion (see reference 57, 
p.27). The fiber-plates have no imperfections in the linear analysis 
(i.e., wLi)= 0 ) .  
Adjacent equilibrium configurations for the fiber-plates are 
investigated by adding small increments to the fiber-plate 
displacements. The relationships between the displacements prior to 
buckling, u(~), a vAi), and wii), and the displacements of an adjacent 
equilibrium configuration, v(~), and w(~) are expressed by 
(2.46) 
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where the  q u a n t i t y  E is i n f i n i t e s i m a l l y  small. The prebuckl ing  w 
disp lacement  wa (i’ and its d e r i v a t i v e s  are z e r o  for the  f l a t  i t h  
f iber-plate loaded by uniform end s h o r t e n i n g .  
Equat ions  (2.46) are s u b s t i t u t e d  i n t o  e q u a t i o n s  
(2 .33) ’  and the terms of l i k e  powers of E sum t o  z e r o  
(2.30) t o  
for a rb i t ra ry  
E. The zero th-order  terms i n  E combine t o  g i v e  the  l i n e a r  
prebuckl ing  e q u i l i b r i u m  e q u a t i o n s  f o r  the i t h  f iber-plate  
where 
The prebuckl ing  d isp lacements  that  s a t i s f y  the  governing e q u a t i o n s  




The first-order terms in E combine to give the linear postbuckling 
equilibrium equations for the inplane loads in the ith fiber-plate 
(i) + N(i) = 0 
Nxl 'x xyl'y 
yl 'y + Nxyl 'x 
(i) N (2.50) 
where 
and the linear stability equations for  the fiber-plates are stated 
below : 
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for i = 1 
) = O  * 4 2 )  + $21 G !w 2 l ’ y y  l ’ x x  (2.52) 
f o r  i = 2,  3, ..., N-1 
* 4 i ) -  - ( i - l ) -  --(i+I) * -(i)  + $ i )  
+ E (2Wl W 1 1 - 2G1(Wl’yy l ’ x x  
) = O  (2.53) * - ( i -1)+ ; ( i - l )+  ; ( i + l ) +  $ i + l )  
+ G P l ’ y y  l ’xx  l ’yy  l ’xx  
f o r  i = N 
(2.54) 
( i )  where NxO ( i )  , Ni:), and NxyO 
The h igher -order  terms i n  E are neg lec t ed  since E is Small. 
are determined from e q u a t i o n s  (2.48). 
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2.2.1 Orthotropic Fiber-Plates 
The short-wavelength mode shape for an orthotropic fiber-plate 
is assumed to have haif-waves that are normal to the direction of 
loading. These half-waves are referred to as ''normal waves" and are 
illustrated in figure 2.5a. The linear stability equations and 
boundary conditions for a node1 composed of orthotropic fiber-plates 
are satisfied by 
- 
sin -(i) -(i) TX = w sin - 1 S x b W (2.55) 
is the amplitude of the normal wave for the ith fiber- $i) where 
S 
- 
TX plate. The coefficient of the cos 3: term is zero (see equation 
(2.4511, and the extensional stiffnesses, A16 (i) and Ah:), and the 
bending stiffnesses, D,6 (i) and D26 are zero for orthotropic fiber- 
plates. Equation (2.55) is substituted into equations (2.51) to 
(2.53) to form a system of equations for calculating the model's 
critical end shortening and short-wavelength buckling mode shape. The 
system of equations is of the form 
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3 0  
= o  
. . . 
= 0 (2.56) 
- 
for arbitrary x and y where the constants are defined by 
(2.57) 
Non-trivial solutions to equations (2.56) exist if the determinant o f  
the matrix formed by the coefficients of ws is zero. The smallest 
v a l u e  of the normalized end shortening u,/a for which this 
- 
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d e t e r m i n a t e  is z e r o  is the c r i t i ca l  normalized end s h o r t e n i n g  
- 
(uo/a)cr .  The end s h o r t e n i n g  is normalized by the lamina te  l e n g t h ,  
a. The v a l u e  (iio/a)cr is a n  e igenvalue  of t h i s  sys t em of e q u a t i o n s ,  
and the cor responding  e i g e n v e c t o r  is the short-wavelength buckl ing 
mode shape of  the model. The wavelength-of the mode shape is 
determined by minimizing (<o/a)cr w i t h  r e s p e c t  t o  the  wavelength. 
2.2.2 Aniso t ropic  Fiber-Plates 
The short-wavelength mode shape  f o r  an  a n i s o t r o p i c  f i b e r - p l a t e  
can have half-waves that  are o r i e n t e d  a t  an  a n g l e  Q t o  the  
o r i e n t a t i o n  of  a normal wave. These half-waves are referred t o  as 
"skewed waves" and are i l l u s t r a t e d  i n  f i g u r e  2.5b. The form of the w 
d i sp lacement  t h a t  sa t i s f ies  t h e  l i n e a r  s t a b i l i t y  e q u a t i o n s  and 
boundary c o n d i t i o n s  f o r  a model composed of a n i s o t r o p i c  f iber-plates 
is 
(2.58) 
The e i g e n v a l u e s  and e i g e n v e c t o r s  f o r  these f i b e r - p l a t e s  are obta ined  
u s i n g  the G a l e r k i n  method C571. The f u n c t i o n s  of y f o r  the i t h  
( i )  and w ( ~ ) ,  are expanded i n  a F o u r i e r  s i n e  series. f i b e r - p l a t e ,  ws 
C 
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These series s a t i s f y  the boundary c o n d i t i o n s  f o r  a t  y=O and a t  
y=b and are expres sed  as 
1 
(2 .59)  
where M is t h e  number o f  terms i n  the  series and is an  even number. 
Equat ions  (2.58)  and (2.59) are s u b s t i t u t e d  i n t o  e q u a t i o n s  (2.51)  to 
and w (i’ are s o l u t i o n s  ( i >  
C 
(2.531, and the  series expans ions  for  w 
S 
t o  these e q u a t i o n s  i f  t he  e q u a t i o n s  are o r thogona l  to  s i n  and t o  
s i n  a f o r  each m and n, r e s p e c t i v e l y .  The o r t h o g o n a l i t y  
c o n d i t i o n s  fo r  the i t h  f i b e r - p l a t e  are s ta ted below: 
b 
for i = 7 
b 
0 
1) s i n  dy = o m = I ,  2 ,  ..., M * 4 2 )  -(2 1 G2(W1 , yy+ w 1  , xx 
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f o r  i = 2, 3, ..., N-1 
b 
+ G*(-$i-l ) + w  -(i-1 ) + w  -( i + l ) +  ; ( i+ l  1 ) ]  s i n  dy = 0 b 2 l ’ y y  l ’ x x  l ’ y y  l ’ x x  
m = 1 ,  2, ..., M 
f o r  i = N 
rn = 1, 2 ,  ..., M (2.50) 
and 
f o r  i = 1 
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* - (2 )  + $2) 1) s i n  dy = 0 n = 1 ,  2 ,  ..., M G2(wl ’yy 1 ’xx b 
fo r  i = 2,  3, ..., N-1 
(E( i i 0 
* 
+ E  
1) s i n  a dy = 0 b 
* 4 i - 1 1  - ( i - l  ) +  --(i+l) - ( i + l )  
2 l ’ y y  l ’ x x  l ’yy  l ’ x x  
+ G (w + w  + w  
n = 1 ,  2, ..., M 
f o r  i = N 
) )  s i n  dy = 0 * -(N-l) + ;(N-1) G2(wl ‘yy l ’xx  
n = 1, 2,  ..., M (2.61 1 
Equa t ions  (2.60) and (2.61) are i n t e g r a t e d  t o  o b t a i n  2*M 
simultaneous homogeneous e q u a t i o n s  f o r  each  f i b e r - p l a t e  i n  terms of 
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-(i) and ~ ( i ) .  The the 2*M undetermined coefficients wsm cn 















(Wc)even 1 (ws) odd 
( 2 . 6 2 )  
where the submatrices f o r  the ith fiber-plate are defined by 
( 2 . 6 3 )  
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(2.64) 
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H ( ~ - i  ) M - ~ ( M -  
( 9 9 )  . . . 
H(M-l )2-h(M-1 12 a 
( i )  
(2 .65)  
with  
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( i )  
1 c = l , i = l o r i = N  
= 2 ,  o t h e r w i s e  
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The orthogonality of the trigonometric terms causes coupling between 
the (wsIodd (i) and the 
( ws) even 
eigenvalue problem of order 2*M*N for an N-lamina model. This 
2*M*N system has only M*N unique eigenvalues. The unique 
eigenvalues are obtained form equations for the fiber-plates of the 
(i) coefficients and between the 
( wc even 




The system of equations for the N-lamina model are shown in figure 2.6 
and are labeled equations (2 .69) .  The undefined sub-matrices in 
equations (2.69) are 
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with 
N, 0 0 * * *  
0 0 . 0  
O N3 
0 0 N5 0 . 0  
. . . . . . 
0 0 0 * * *  
N2 0 0 0 . 0  
0 N4 0 * * a  
0 0 N6 . . .  
. . 












The sub-matrix is the result of coupling between adjacent fiber- 
plates through the matrix-foundation. Non-trivial solutions t o  
equations (2.69) exist if the determinant of the matrix of material 
properties is zero. The smallest value of yo/a for which this 
- 
determinate is zero is (u,/a)cr, and this value is an eigenvalue of 
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equations (2.69). The eigenvector corresponding to (co/a)cr is used 
to determine the short-wavelength buckling mode shape of the model. 
Similar to the model with orthotropic fiber-plates, the wavelength of 
the mode shape for a model with anisotropic fiber-plates is determined 
by minimizing (u,/a) with respect to the wavelength. cr 
2.3 Nonlinear Analysis 
The governing nonlinear differential equations are used to 
obtain displacements, strains, loads, and stresses for a model with 
initially imperfect fiber-plates. The initial imperfections for all 
fiber-plates are the same and have the shape of the short-wavelength 
buckling mode for the model. The Kantorovich method used in the 
linear analysis also is used to obtain solutions to the nonlinear 
equations, The unknown functions are expanded in kinematically 
admissible tr igonometric series in the x-coordinate, and the governing 
equations become nonlinear coupled ordinary differential equations. 
An approximate solution to the nonlinear coupled ordinary 
differential equations is obtained using an algorithm developed by 
Lentini and Pereyra C581. 
and can be used to solve a system of simultaneous first-order 
nonlinear ordinary differential equations subject to two-point 
boundary conditions. The algorithm uses finite differences to solve 
The algorithm is based on Newton's method 
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t he  d i f f e r e n t i a l  e q u a t i o n s ,  and a d a p t i v e  mesh s p a c i n g s  a r e  
a u t o m a t i c a l l y  produced so tha t  mi ld  boundary layers are detected and 
r e s o l v e d .  The d i f f e r e n c e  between s u c c e s s i v e  approximat ions  f o r  each 
unknown is c a l c u l a t e d .  The a l g o r i t h m  i terates u n t i l  t h i s  d i f f e r e n c e  
is less than  a s p e c i f i e d  t o l e r a n c e .  
2.3.1 O r t h o t r o p i c  Fiber-Plates 
The n o n l i n e a r  a n a l y s i s  f o r  models w i t h  o r t h o t r o p i c  f iber-  
p l a t e s  is similar t o  t h e  a n a l y s i s  used by S t e i n  [591 f o r  t he  
p o s t b u c k l i n g  behav io r  of o r t h o t r o p i c  plates .  The d i sp lacemen t s  i n  t he  
p r e s e n t  a n a l y s i s  f o r  the i t h  f i b e r - p l a t e  are expressed as 
( i )  2TX O -u,x 
= -  + u ( y )  s i n  - ( i )  x U a S 
2TX 
V ( i ) '  = V p ( y )  + v ( i ) ( y )  C c o s  7 
+ w ( i ) ( y )  s i n  7 
0 - - 
T X  T X  
W ('1 = w,(y> s i n  S 
(2.73) 
Equa t ions  (2.73) are s u b s t i t u t e d  i n t o  e q u a t i o n s  (2.6) and (2.7) t o  
o b t a i n  these e x p r e s s i o n s  f o r  t he  s t r a i n s  and c u r v a t u r e s :  
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I 
where ( ) denotes differentiation with respect to the y-coordinate. 




Equations (2.74) to (2.76) are used in equation (2.25) (principal of 
stationary potential energy), and the resulting equation is integrated 
6u2 (i) , 6v (i) , SV;~), and 6 ~ ' ~ ) ~  the over 0 d x I A .  For arbitrary 
principle of stationary potential energy requires that the following 
differential equations be satisfied: 
- 
S 
for i = 1 ,  2, ..., N 
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for i = 1 
( 2 . 7 8 )  
for i = N 
where the previously undefined functions for the ith fiber-plate are 
74 
The boundary c o n d i t i o n s  f o r  t h i s  energy fo rmula t ion  are 
( 2 . 8 2 )  
The model remains r e c t a n g u l a r  du r ing  load ing  and is simply-supported 
on t h e  unloaded edges. These boundary c o n d i t i o n s  are expressed  as 
a t  y = 0 and a t  y = b 
( i )  
Y O  
The e q u a t i o n  (2.77) and boundary c o n d i t i o n  e q u a t i o n  (2.83) f o r  N 
are sa t i s f ied  by N ( i ) =  0 f o r  1 5 i 5 N th roughout  the region.  
Y O  
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The first-order governing e q u a t i o n s  f o r  a model w i t h  
o r t h o t r o p i c  f i b e r - p l a t e s  can  be expressed  as a f u n c t i o n  of e i g h t  
( i )  
s '  unknowns f o r  each f i b e r - p l a t e ,  and these unknowns are u 
W ( i )  Ni:), NiiA, Mi:', and V ( i ) .  The o t h e r  unknowns 
s '  Y 
( i )  
c '  V 
are 
expressed  as  f u n c t i o n s  of these eight.  The e i g h t  d i f f e r e n t i a l  
e q u a t i o n s  f o r  each fiber-plate are ob ta ined  by re -organiz ing  equa t ions  
(2.74)  and (2 .77 )  t o  (2.81) and are s t a t ed  below: 




for  i = 1 
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fo r  i = 2 ,  3, ..., N-1 
( 2 . 8 6 )  
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for i = N 
I+  22 
22 U 22 U u22 
22 
J 
The f u n c t i o n  of y for  the  i n i t i a l  imper fec t ion  w, is expressed  as 
2Y (2.88) b w,(y) = w,sin 
- 
- 
where w, is a c o n s t a n t  t ha t  is i n p u t  t o  t h e  a n a l y s i s .  
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2.3.2 Anisotropic Fiber-Plates 
The nonlinear analysis for compression-loaded models with 
anisotropic fiber-plates is similar to the analysis used by Stein C60j 
for the postbuckling behavior of orthotropic plates loaded in combined 
Compression and shear. The equations in the present analysis for the 
ith anisotropic fiber-plate are general forms of the equations for th& 
ith orthotropic fiber-plate. The displacements for the ith 
anisotropic fiber-plate a re  expressed as 
(2.89) 
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Equations (2.89) are substituted into equations (2.6) and (2.7) to 
obtain the following expressions for the strains and curvatures: 
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( 2 . 9 0 )  
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The stress and moment r e s u l t a n t s  are w r i t t e n  a s  







Equations (2.90) to (2.92) are used in equation (2.251, and the 
resulting equation is integrated with respect to x. For arbitrary 
- 
principle of stationary potential energy requires that these 
differential equations are satisfied: 
(2.93) 
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f o r  i = 1 




where the  p r e v i o u s l y  undef ined  f u n c t i o n s  fo r  the i t h  f iber-plate  are 
(2 .97 )  
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The boundary c o n d i t i o n s  f o r  t h i s  energy fo rmula t ion  are 
i = 1,  2, ..., N (2 .98)  
The model remains r e c t a n g u l a r  du r ing  load ing  and is simply suppor ted  
on t h e  unloaded edges. The boundary c o n d i t i o n s  are expressed as  
a t  y = 0 and a t  y = b 
(2 .99 )  
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The first-order govern ing  e q u a t i o n s  f o r  a model w i t h  
a n i s o t r o p i c  f i b e r - p l a t e s  can  be expres sed  as a f u n c t i o n  of twenty 
unknowns f o r  each f i b e r - p l a t e .  These unknowns fo r  the  i t h  f i b e r - p l a t e  
unknowns are expres sed  as f u n c t i o n s  of  these twenty. The twenty 
d i f f e r e n t i a l  e q u a t i o n s  f o r  each f i b e r - p l a t e  are ob ta ined  by re- 
o r g a n i z i n g  e q u a t i o n s  (2.90) and (2.93) t o  (2.97) and are s ta ted below: 
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The f u n c t i o n s  of y for  wos and w are expressed as 
O C  
(2.103 1 
(2.104) 
Chapter  3 
RESULTS AND DISCUSSION 
T h i s  c h a p t e r  p r e s e n t s  results fro-m t h e  a n a l y t i c a l  model 
d e s c r i b e d  i n  Chapter 2 Analys is  f o r  compression-loaded lamina tes .  
Short-wavelength buckl ing  r e s u l t s  ob ta ined  us ing  the l i n e a r  a n a l y s i s  
are  d i scussed .  These results are compared t o  the  results ob ta ined  by 
Rosen [ 7 1  f o r  u n i d i r e c t i o n a l  [O]s-class l amina te s .  Laminate end 
s h o r t e n i n g  and stress data f o r  short-wavelength buckl ing  are p resen ted  
f o r  s e v e r a l  m u l t i - d i r e c t i o n a l  lamina tes .  The short-wavelength 
buckl ing  mode shapes  f o r  t he  l amina te s  are descr ibed.  Results 
ob ta ined  us ing  the n o n l i n e a r  a n a l y s i s  a l s o  are d i scussed .  Each 
l amina te  has laminae wi th  short-wavelength out-of-plane i n i t i a l  
imper fec t ions .  The non l inea r  behavior  of a l amina te  is described 
us ing  l a m i n a t e  end s h o r t e n i n g ,  compressive load ,  and maximum w 
d isp lacement .  Shear stress and s t r a i n  d i s t r i b u t i o n s  w i t h i n  the  
l amina te  are p resen ted .  
The l a s t  s e c t i o n  of t h i s  c h a p t e r  d i s c u s s e s  fa i lure  p r e d i c t i o n  
f o r  compression-loaded l amina te s .  A f a i lu re  c r i t e r i o n  is described 
and a p p l i e d  t o  t h e  a n a l y t i c a l  r e s u l t s  from the  p r e s e n t  model. The 




e q u a t i o n s  f o r  p r e d i c t i n g  the  compressive f a i l u r e  of 0 -dominated 
l a m i n a t e s  are presented .  
A l l  r e s u l t s  were ob ta ined  us ing  t h e  c e n t r a l  s c i e n t i f i c  
computing complex a t  NASA Langley Research Center .  The r e s u l t s  o f  t h e  
l i n e a r  a n a l y s i s  were ob ta ined  us ing  Cyber 170 series computers. The 
a n a l y s i s  o f  an eight-layer model r e q u i r e d  a maximum execu t ion  time of  
1000 seconds.  T h i s  long  execu t ion  time is the r e s u l t  of  t h e  number of 
i t e r a t i o n s  r e q u i r e d  by the s o l u t i o n  a lgo r i thm t o  de te rmine  the  minimum 
compressive stress for  short-wavelength buckl ing  and t h e  cor responding  
half-wavelength o f  t h e  mode shape. The a n a l y s i s  of t h e  eight-layer 
model r e q u i r e d  approximate ly  39,500 decimal memory l o c a t i o n s .  The 
r e s u l t s  of the  non l inea r  a n a l y s i s  were ob ta ined  us ing  a Cyber  205 
v e c t o r  p rocess ing  computer. T h i s  a n a l y s i s  had a maximum of  for ty-one 
f i n i t e  d i f f e r e n c e  s t a t i o n s .  The r a t i o  of  the  maximum d i s t a n c e  between 
a d j a c e n t  s t a t i o n s  t o  t he  p l a t e  wid th  was 0.05 when us ing  a l l  for ty-one 
s t a t i o n s .  An e r r o r  t o l e r a n c e  was s p e c i f i e d  f o r  each unknown i n  t h e  
n o n l i n e a r  a n a l y s i s  s i n c e  the r e s u l t s  o f  t h i s  a n a l y s i s  are approximate.  
T h i s  s p e c i f i e d  t o l e r a n c e  was approximately one pe rcen t  o f  the maximum 
c a l c u l a t e d  v a l u e  for each unknown. The execu t ion  time f o r  a non l inea r  
a n a l y s i s  for  a s i n g l e  load  case of a fou r - l aye r  model w i th  o r t h o t r o p i c  
f i b e r - p l a t e s  was approximately twenty-f ive seconds.  The execu t ion  
time f o r  a s i n g l e  load  case o f  a e i g h t - l a y e r  model w i t h  a n i s o t r o p i c  
f i b e r - p l a t e s  was approximately 390 seconds.  
cases were used for  a t y p i c a l  non l inea r  a n a l y s i s .  
Ten incrementa l  load  
The a n a l y s i s  of 
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6 t h e s e  fou r - l aye r  and e i g h t - l a y e r  models r e q u i r e d  approximate ly  1 X 10 
memory l o c a t i o n s  and 4 X l o 6  memory l o c a t i o n s ,  r e s p e c t i v e l y .  
3.1 Short-Wavelength Buckling 
3.1 . l  Comparison w i t h  Rosen's R e s u l t s  
Rosen's s t u d i e s  C71 inc luded  the  short-wavelength buckl ing  o f  
t h e  [ O ]  -class l a m i n a t e s  used i n  s t r u c t u r a l  a p p l i c a t i o n s .  These 
S 
l a m i n a t e s  had f i b e r  volume f r a c t i o n s  greater t h a n  0.30 and buckled 
i n t o  the shear mode shape  shown i n  f i g u r e  1 . 1 .  He assumed t h a t  t h e  
l a m i n a t e s  f a i l ed  when short-wavelength buck l ing  occur red  and sugges ted  
that  the  compressive s t r e n g t h  f o r  these l a m i n a t e s  was p r o p o r t i o n a l  t o  
the  ma t r ix  shear modulus as  i n d i c a t e d  i n  equa t ion  (1.3).  The f i b e r ' s  
e l a s t i c  p r o p e r t i e s  had a n e g l i g i b l e  e f f ec t  on the  pred ic ted  s t r e n g t h .  
* 
The a n a l y s i s  used i n  t h i s  s t u d y  can  be  s i m p l i f i e d  t o  o b t a i n  
Rosen's r e s u l t s .  A l l  f i b e r - p l a t e s  have the  same w d isp lacement  fo r  
the  shear mode shape;  e q u a t i o n  (2.55) becomes 
- 
-(i) T X  
w 1 ( x , y >  = W S s i n  - x s i n  a b (3.1 1 
109 
- 
where w is a constant. The characteristic equation for determining 
the short-wavelength buckling of an N-lamina [Of -class laminate is 
obtained from equations (2.56) and is expressed as 
S 
3 
Equation (3.2) is satisfied if 
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o r  if 
( 3 2 1  = 0 (3 .4)  
Equat ion (3 .3)  de te rmines  t he  c r i t i c a l  end s h o r t e n i n g  f o r  sho r t -  
wavelength buckl ing  o f  t h e  i t h  f i be r -p l a t e  when i = 2,  3, ..., N-1, 
i .e.,  i n t e r i o r  f iber -p la tes .  Rosen's a n a l y s i s  c o n s i d e r s  i n t e r i o r  
f ibers .  The bending s t i f f n e s s  terms i n  equa t ion  (3 .3)  are n e g l i g i b l e  
compared t o  t h e  load ing  and ma t r ix - fmnda t ion  terms, and the  c r i t i c a l  
normalized end s h o r t e n i n g  is expressed  as 
where t h i s  n e g a t i v e  normalized end s h o r t e n i n g  co r re sponds  t o  a 
compressive s t r a i n .  The half-wavelength of t h e  buckl ing  mode shape X 
is much smaller than  the  l amina te  wid th  b so t h a t  t h e  ( k I 2  term i n  
equa t ion  (3 .5)  is n e g l i g i b l e .  The half-wavelength is d i scussed  i n  
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deta i l  i n  s e c t i o n  3.1.1 Laminate Mode Shapes. Equat ions  (2.1) and 
(2.2) f o r  t h i c k n e s s e s  and f i b e r  volume f r a c t i o n  are s u b s t i t u t e d  i n t o  
e q u a t i o n  (3.5) .  The c o n s t i t u t i v e  e q u a t i o n  f o r  t h e  i t h  f i b e r - p l a t e  
a lso is s u b s t i t u t e d  i n t o  e q u a t i o n  (3.51, and the compressive stress i n  
t h e  i t h  f i b e r - p l a t e  is 
The compressive stress i n  the  composite lamina te  is 
(3.6)  
Equat ion (3 .7)  is the  same as t h e  e q u a t i o n  (1 .3 )  obta ined  by Rosen. 
The a n a l y s i s  used i n  t h i s  s t u d y  both s i m p l i f i e s  t o  Rosen's 
classic r e s u l t s  and p r o v i d e s  new r e s u l t s  f o r  the  short-wavelength 
buckl ing  of  compression-loaded lamina tes .  Equat ion (3.4) de te rmines  
t h e  c r i t i ca l  end s h o r t e n i n g  f o r  short-wavelength buckl ing  of  the i t h  
f i b e r - p l a t e  when i = 1 o r  when i = N ,  i.e., t h e  outer-most f iber- 
p l a t e s  i n  the  model. Rosen's a n a l y s i s  does n o t  s p e c i f i c a l l y  cons ider  
the  outer-most f ibers.  The compressive stress i n  t h e  composite 
l a m i n a t e  when the o u t e r  laminae buckle i n  a short-wavelength mode is 
112 
d e r i v e d  us ing  the same procedure as used above. This  compressive 
stress is expressed  as 
- Gm 
uc  - 2 ( 1  - V f >  (3.8 1 
Equat ions  (3 .7 )  and (3 .8)  show t h e  dominant r o l e  of  t h e  ma t r ix  i n  
de te rmining  short-wavelength buckl ing  response .  The f i b e r - p l a t e s  are , 
so  t h i n  t ha t  their  bending s t i f f n e s s e s  are n e g l i g i b l e  compared t o  t h e  
founda t ion  e x t e n s i o n a l  and s h e a r i n g  s t i f f n e s s e s  o f  t h e  mat r ix .  The 
compress ive  stress f o r  short-wavelength buckl ing  is a f u n c t i o n  o f  how 
t h e  f iber-plate  is suppor ted .  An i n t e r i o r  f i b e r - p l a t e  is suppor ted  on 
two s ides  by matr ix-foundat ion.  The compressive stress determined by 
e q u a t i o n  (3.8) is h a l f  t h e  compressive stress determined by e q u a t i o n  
(3 .7)  because t h e  outer-most  f i b e r - p l a t e s  are suppor t ed  on only  one 
a ide  by matr ix-foundat ion.  
The short-wavelength buck l ing  of a [O]s-class l amina te  may be 
a sequence of buck l ing  of the  o u t e r  laminae.  Outer-lamina buckl ing  
can  occur when the  outer-most  laminae are not  suppor t ed  by tes t  
f i x t u r e s  o r  specimen end tabs. The ampl i tude  of t h e  short-wavelength 
buck l ing  mode shape  may be  l a r g e  enough t o  cause  ma t r ix  f a i l u r e  t h a t  
leads t o  de laminat ion .  When one p a i r  of o u t e r  laminae buck le s  and 
- 
d e l a m i n a t e s ,  t h e  a d j a c e n t  laminae become the I1newtl o u t e r  laminae and 
subsequen t ly  buckle  and de laminate .  The f a i l u r e  o f  a [O]s-class 
l amina te  is c h a r a c t e r i z e d  by t h i s  p r o g r e s s i v e  short-wavelength 
buck l ing  and de lamina t ion  of the  o u t e r  laminae.  The characterist ic 
tlbroomingtl f a i l u r e  mode f o r  these l a m i n a t e s  is evidence  o f  p r o g r e s s i v e  
buck l ing  and de laminat ion .  
3.1.2 Laminate Compressive Stresses and S t r a i n s  
The d i s c u s s i o n  i n  the p rev ious  s e c t i o n  describes v a l u e s  t h a t  
bound t h e  compressive stress from the p r e s e n t  model f o r  the  s h o r t -  
wavelength buckl ing  o f  [O]s-class l amina te s .  The bounds f o r  t h e  
compressive stress result from a l lowing  the i n t e r i o r  laminae and t h e  
outer-most laminae t o  buck le  independent ly .  The g e n e r a l  form f o r  t h e  
p r e s e n t  a n a l y s i s  r e q u i r e s  a l l  laminae t o  buckle  s imul t aneous ly  i n t o  
the l a m i n a t e ' s  short-wavelength mode. The normalized compressive 
stress from t h e  p r e s e n t  a n a l y s i s  as a f u n c t i o n  o f  the number of  
laminae i n  the l amina te  is shown f i g u r e  3.1. The compressive stress 
is normalized by the stress ob ta ined  from Rosen's a n a l y s i s  g iven  by 
e q u a t i o n  (3.71, and the l amina te  f i b e r  volume f r a c t i o n  is 0.55. A 
two-lamina model f o c u s e s  on outer- laminae buckl ing  and g i v e s  the  same 
v a l u e  as e q u a t i o n  (3.8) for the compressive stress from the p r e s e n t  
a n a l y s i s .  A s  t h e  number o f  laminae i n  t he  l amina te  i n c r e a s e s ,  t h e  
normalized compressive stress f o r  short-wavelength buck l ing  
a s y m p t o t i c a l l y  approaches  un i ty .  A twenty-lamina model is similar to  
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Rosen’s model and p r e d i c t s  a compressive stress a t  short-wavelength 
buckl ing  w i t h i n  f i v e  p e r c e n t  of  the compressive stress from equat ion  
(3 .7) .  The s i g n i f i c a n c e  of  the behavior  i n  f i g u r e  3.1 is t h a t  
c o n s i s t e n t  r e s u l t s  us ing  the p r e s e n t  a n a l y s i s  f o r  determining t h e  
stress a t  short-wavelength buckl ing i n  d i f f e r e n t  l a m i n a t e s  r e q u i r e  the 
l a m i n a t e s  t o  have the same number of  laminae. 
The lamina te  compressive stresses and s t r a i n s  f o r  short-  
wavelength buckl ing of  s e v e r a l  two-lamina, four-lamina, and e ight -  
lamina l a m i n a t e s  a r e  p r e s e n t e d  i n  T a b l e s  3.1, 3.2, and 3.3, 
- 
r e s p e c t i v e l y .  The c r i t i c a l  normalized end s h o r t e n i n g  u,/a is equal  
t o  t h e  lamina te  compressive s t r a i n  for  short-wavelength buckl ing.  The 
half-wavelengths  f o r  the  mode shapes are a l s o  included i n  t h e  tables 
and are d i s c u s s e d  i n  t h e  next  s e c t i o n  on lamina te  mode shapes. The 
resul ts  i n  T a b l e  3.1 show tha t  these stresses are affected by lamina te  
a n i s o t r o p y .  A combination o f  bending and inp lane  s t i f f n e s s e s  (see 
HLk’ and h k ) ,  r e s p e c t i v e l y ,  i n  e q u a t i o n s  (2 .66) )  cause t h e  
compressive stress f o r  a C+30Is l a m i n a t e  t o  b e  t h i r t e e n  percent  less 
t h a n  t h e  compressive stress f o r  a [OI laminate .  Similar lamina tes  S 
w i t h  more t h a n  two laminae have the same d i f f e r e n c e s  i n  compressive 
stresses observed i n  Tab le  3.1. The compressive stress f o r  a C901, 
- l amina te  is approximately the  same as the compressive stress for a 
[O], l amina te .  These two s p e c i a l l y - o r t h o t r o p i c  l a m i n a t e s  demonstrate  
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t h a t  mat r ix- foundat ion  components dominate t he  l amina te  compressive 
stress. A l l  compressive stresses f o r  the  four-lamina l amina te s  (Tab le  
T 
A , 6  
3 .2 )  are approximate ly  the  same. These l a m i n a t e s  do n o t  have the  
and AZ6 i n p l a n e  s t i f f n e s s  terms t h a t  a f fec t  the compressive stress 
of some two-lamina lamina tes .  The mat r ix- foundat ion  components 
dominate  t h e  compressive stresses f o r  t h e  four-lamina l amina te s .  The 
compressive s t r e s s e s  i n  T a b l e  3.3 f o r  the [ O 4 I s ,  [(*45)1,, [+45/0/ -  
45/90Is,  and [90/+45/0/-451 l a m i n a t e s  are approximately the  same. 
S 
The mat r ix- foundat ion  components dominate the compressive s t r e s s  f o r  
these l amina te s .  The compressive s t r e s s e s  f o r  t h e  [O/+45/9OIs and 
C0/+45/90/-451, l a m i n a t e s  a r e  t h i r t e e n  pe rcen t  lower than  t h e  
compressive s t r e s s  f o r  the [ O 4 I s  l amina te .  These lower stresses may 
0 
be  due t o  t he  l amina te s  having 0 laminae a s  t h e  outer-most laminae 
0 
and no t  having any i n t e r i o r  0 laminae. 
The e f f e c t  of f i b e r  volume f r a c t i o n  on t h e  normalized 
compressive stress f o r  short-wavelength buckl ing  is shown i n  f i g u r e  
3.2. The compressive stress is normalized by the compressive stress 
f o r  short-wavelength buckl ing  o f  a lamina te  w i t h  f i b e r  volume f r a c t i o n  
equa l  t o  0.55. The normalized compressive stress is determined f o r  
0.25 5 Vf 5 0.85 which i n c l u d e s  most a l l  composi te  l amina te s  i n  
s t r u c t u r a l  a p p l i c a t i o n s .  These results ag ree  w i t h  similar resul ts  by 
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Rosen [7]. 
i n  f i g u r e  3.2 d e t e r m i n e s  the  compressive stress f o r  short-wavelength 
buckl ing  o f  a l a m i n a t e  w i t h  any s t a c k i n g  sequence and any t h i c k n e s s .  
The r e s u l t s  from t h e  p r e s e n t  a n a l y s i s  show t h a t  t h e  curve  
3.1.3 Laminate Mode Shapes 
The lamina te  mode shape  a t  short-wavelength buckl ing  has ha l f -  
waves t h a t  are e i the r  normal or skewed t o  the d i r e c t i o n  of  loading.  
Also, t h e  shear mode (see f i g u r e  1 . 1 )  is p r e d i c t e d  f o r  a l l  t h e  
symmetric l a m i n a t e s  i n  t h i s  s tudy .  The mode shapes f o r  s e v e r a l  
l a m i n a t e s  are shown i n  f i g u r e s  3.3 t o  3.9. The s k e w  a n g l e  is denoted 
as 4 .  The mode shape  f o r  the  [O], l amina te  has normal waves and is 
i l l u s t r a t e d  i n  f i g u r e  3.3. A similar mode shape is p r e d i c t e d  f o r  a l l  
ba lanced ,  symmetric l a m i n a t e s .  The only  d i f f e r e n c e  among these mode 
shapes  is t h e  half-wavelength A .  The mode shapes  f o r  the  [ + l 0 I s ,  
[+20Is, [+301,, L+45js, C+60Is, and [+801 S l a m i n a t e s  have skewed waves 
and are i l l u s t r a t e d  i n  f i g u r e s  3.4 t o  3.9,  r e s p e c t i v e l y .  The s k e w  
a n g l e  is p l o t t e d  as a f u n c t i o n  of  t h e  f iber  o r i e n t a t i o n  i n  f i g u r e  3.10 
for  these lamina tes .  Genera l ly ,  t h e  skew a n g l e  is n o t  t h e  same as t h e  
f iber o r i e n t a t i o n .  The s k e w  a n g l e  i n c r e a s e s  t o  a maximum a t  
0 
approximate ly  8 = 45 . The l a m i n a t e  mode shape a t  short-wavelength 
buckl ing  is affected by the f i b e r - p l a t e  bending s t i f f n e s s e s  i n  
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c o n t r a s t  t o  the compressive stress which is u n a f f e c t e d  by these 
bending s t i f f n e s s e s .  The bending s t i f f n e s s  c o n t r i b u t i o n  t o  the mode 
shape  is d i s c u s s e d  i n  t h e  n e x t  paragraphs.  
The half-wavelength of  t h e  mode shape  for a [Ols-class 
l a m i n a t e  is determined e x a c t l y  us ing  e q u a t i o n s  (3.3) and (3.4) .  The 
compressive s t r a i n  (normalized end s h o r t e n i n g )  i n  these e q u a t i o n s  is 
minimized with respect t o  the  half-wavelength h t o  o b t a i n  
(3.9) 
where c ( ~ )  is d e f i n e d  as (see e q u a t i o n  ( 2 . 6 ) )  1 
( i )  = 1, outer- lamina buckl ing  1 C 
= 2, inner- lamina buckl ing  (3.101 
The half-wavelength of t h e  mode shape f o r  any l a m i n a t e  can be 
determined approximate ly  by numer ica l ly  minimizing the compressive 
s t r a i n  with r e s p e c t  t o  A .  The compressive s t r a i n  as a f u n c t i o n  o f  A 
is shown i n  f i g u r e  3.11 for s e v e r a l  l amina tes .  The compressive s t r a i n  
f o r  t h e  four-lamina l a m i n a t e s  decreases r a p i d l y  to  a minimum and 
i n c r e a s e s  v e r y  g r a d u a l l y  as t h e  half-wavelength i n c r e a s e s .  The 
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minimum compressive s t r a i n s  are observed easily by expanding the  
o r d i n a t e  i n  t he  r e g i o n  o f  i n t e r e s t  and r e - p l o t t i n g  the results as 
shown i n  f i g u r e  3.12 f o r  a [O,], l amina te .  The compressive s t r a i n  f o r  
t he  [O/+45/9Ol9 l amina te  i n  f i g u r e  3.11 decreases r a p i d l y  t o  a minimum 
and then  i n c r e a s e s  r a p i d l y  i n  t he  neighborhood of  t he  minimum as t h e  
half-wavelength i n c r e a s e s .  The minimum compressive s t r a i n  f o r  t h i s  
l amina te  is c l e a r l y  shown i n  f i g u r e  3.11. The half-wavelengths  f o r  
two-, four- ,  and e ight - lamina  l amina te s  are p resen ted  i n  Tables 3.1, 
3.2,  and 3.3,  r e s p e c t i v e l y .  
The  half-wavelength as a f u n c t i o n  o f  f i b e r  o r i e n t a t i o n  8 is 
shown i n  f i g u r e s  3.13 and 3.14 f o r  [+e] ,  l amina te s  and [ + e l s  
0 0 
l amina te s ,  r e s p e c t i v e l y .  The results i n  f i g u r e  3.13 f o r  0 5 e 5 90 
show t h a t  the half-wavelength i n c r e a s e s  s l i g h t l y  and decreases. The 
s l i g h t  i n c r e a s e  may be  the  e f fec t  of a n i s o t r o p y  on lamina te  behavior  
d i scussed  p r e v i o u s l y  f o r  compressive stress. The decrease is similar 
t o  t h e  behavior  o f  D as a f u n c t i o n  o f  e .  Equat ion  (3 .9)  shows 
t h a t  D l l  is used t o  c a l c u l a t e  the half-wavelength.  The results i n  
1 1  
0 0 
f i g u r e  3.14 for 0 4 e 4 90 show tha t  the half-wavelength 
decreases. The [ & e l s  l amina te  behavior  is not  affected by the inp lane  
a n i s o t r o p i c  terms that  i n f l u e n c e  t h e  [+e], l amina te  behavior .  The 
behavior  i n  f i g u r e  3.14 may also ref lect  t h e  i n f l u e n c e  of  D , l  on the 
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half-wavelength.  The half-wavelength as a f u n c t i o n  of the lamina te  
f i be r  volume f r a c t i o n  is shown i n  f i g u r e  3.15. The response  f o r  t he  
[ O  1 and [+45Is  l a m i n a t e s  is used i n  the f i g u r e  as t y p i c a l  behavior .  2 s  
The half-wavelength i n c r e a s e s  with i n c r e a s i n g  f i b e r  volume f r a c t i o n  
f o r  bo th  l amina te s .  Specif ical ly ,  t h e  half-wavelength f o r  these 
l amina te s  w i t h  Vf = 0.85 is approximately twice  the  half-wavelength 
f o r  the  cor responding  l a m i n a t e s  w i t h  V f  = 0.25. 
The half-wavelength resul ts  of the p r e s e n t  s t u d y  may e x p l a i n  
t h e  scat ter  i n  compressive s t r e n g t h  data f o r  composi te  l amina te s .  The 
range  of ha l f -wavelengths  f o r  the buckl ing o f  l amina te s  w i t h  
V f  = 0.55 i n  t h i s  s tudy  is from 0.0140 inches  t o  0.2255 inches .  Most 
of t h e  half-wavelengths  are on the  o r d e r  of O (  10-1 ) i nches .  
compression t es t  methods f o r  composite l amina te s  use specimens w i t h  
s h o r t  test s e c t i o n s  (e.g., 0.50 in . ,  [61]) o r  r e q u i r e  e l a b o r a t e  
Some 
f i x t u r e s  t h a t  completely suppor t  t he  test specimen a long  the  l eng th  
C621. These methods may i n h i b i t  t he  n a t u r a l  fa i lure  mode f o r  a 
l a m i n a t e  t h a t  deforms i n  a short-wavelength buckl ing  mode shape. 
These methods may cause  the half-wavelength t o  be  less than  the h a l f -  
wavelength cor responding  t o  t he  minimum compressive s t r a i n  i f  s h o r t -  
wavelength buck l ing  ever occur s .  The results i n  f i g u r e  3.11 show tha t  
s i g n i f i c a n t l y  h ighe r  compressive s t r a i n s  can  occur  i f  t h e  half-  
wavelength is 0.1 inch  less than  the half-wavelength cor responding  t o  
the minimum compressive s t r a i n .  
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3.2 Nonlinear  Behavior 
The n o n l i n e a r  behavior  of f o u r  l a m i n a t e s  is presented  i n  t h i s  
s e c t i o n ,  The l a m i n a t e  n o n l i n e a r  behavior  is the  r e s u l t  o f  s h o r t -  
wavelength out-of-plane i n i t i a l  i m p e r f e c t i o n s  i n  each lamina. The 
l a m i n a t e  o r i e n t a t i o n s  are CO2Is, C0/90Is, C+45Is, and C+45/0/-45/90Is. 
These l a m i n a t e s  i l l u s t r a t e  t h e  range  o f  a p p l i c a t i o n  f o r  the  p r e s e n t  
a n a l y s i s .  S p e c i f i c a l l y ,  these l a m i n a t e s  i l l u s t r a t e :  
O r t h o t r o p i c  laminae,  u n i d i r e c t i o n a l  lamina te  
O r  t h o  t rop  i c lami nae , mu1 ti  -d ir ec t i  o n a l  
C 0 2 S  
S C0/90l 
l amina te  
C+45Is A n i s o t r o p i c  laminae,  m u l t i - d i r e c t i o n a l  
l a m i n a t e  
O r  t h o  t r o p  i c  and a n i s o t r o p i c  laminae,  mu1 t i - C + 45 / 0/-45/ 90 1 
d ir  ec t i o n a l  l a  m i  na t e 
The n o n l i n e a r  l a m i n a t e  behavior  is d i s c u s s e d  f o r  two imperfec t ion-  
ampli tude-to- lamina-thickness  ratios w , / t .  These ratios are 
- 
- 
w , / t  = 0.1 and w o / t  = 0.5. The imperfec t ion  a m p l i t u d e s  f o r  
- 
a n i s o t r o p i c  f i b e r - p l a t e s ,  w and w are s i m p l i f i e d  by l e t t i n g  
O S  OC’ 
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- - 
All f i b e r - p l a t e s  have the  same imperfec t ion .  The shape  
wo s= w o  c= wo 
of the  i m p e r f e c t i o n  is the  same as the short-wavelength buckl ing mode 
shape f o r  t he  lamina te .  
3.2.1 Displacements  and I n p l a n e  Stresses 
The n o n l i n e a r  behavior  of a [O2lS l a m i n a t e  w i t h  i n i t i a l  
i m p e r f e c t i o n s  is shown i n  f i g u r e  3.16. The o r d i n a t e  is the  l a m i n a t e  
compressive stress normalized by t h e  l a m i n a t e  compressive stress f o r  
short-wavelength buckl ing .  The abscissa is the  l a m i n a t e  end 
s h o r t e n i n g  normalized by the  l a m i n a t e  end s h o r t e n i n g  f o r  short- 
wavelength buckl ing.  The l a m i n a t e  response  f o r  w o / t  = 0. (no  i n i t i a l  
- 
i m p e r f e c t i o n s )  is inc luded  f o r  comparison w i t h  t h e  lamina te  response 
f o r  ;,It = 0.1 and 0.5. The r e s u l t s  i n  t he  f i g u r e  show t h a t  t h i s  
l a m i n a t e  behaves l i k e  a wide column, i.e., the s l o p e  o f  each response  
c u r v e  ( l a m i n a t e  s t i f f n e s s )  approaches z e r o  as the end s h o r t e n i n g  is 
i n c r e a s e d .  T h i s  change i n  s t i f f n e s s  is dramatic f o r  t he  l a m i n a t e  w i t h  
- - 
w , / t  = 0. b u t  is more g r a d u a l  for the  l a m i n a t e s  with w , / t  = 0.1 and 
0.5. A maximum compressive stress tha t  cor responds  t o  the maximum 
load-car ry ing  c a p a c i t y  of the  lamina te  is d e f i n e d  by t h i s  wide-column 
response .  The maximum stresses for  l a m i n a t e s  w i t h  colt = 0.1 and 0.5 
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are approximate ly  f i v e  and twenty-f ive pe rcen t  lower,  r e s p e c t i v e l y ,  
t h a n  t h e  maximum stress f o r  t he  l amina te  wi th  w o / t  = 0. 
0 
The stress r e s u l t a n t  Nx f o r  a 0 lamina is p l o t t e d  i n  
f i g u r e  3.17 f o r  uo/Cuo> = 0.5, 0.8, and-1 .O. The l amina te  end cr 
- 
s h o r t e n i n g  f o r  short-wavelength buckl ing  is ( u , ) ~ ~ .  The i n i t i a l  
- 
imper fec t ion  f o r  the [O,], l amina te  is w o / t  = 0.5. The results i n  
t h e  f i g u r e  are t y p i c a l  o f  a p la te  w i t h  an out-of-plane i n i t i a l  
imperfec t ion .  The stress r e s u l t a n t  a t  t h e  edges of  t he  lamina 
( y / b  = 0. and y/b = 1.)  is greater than  t h e  stress r e s u l t a n t  a t  t he  
c e n t e r  of  the  lamina (y /b  = 0.5) .  The d i f f e r e n c e  between the stress 
r e s u l t a n t s  f o r  these l o c a t i o n s  i n c r e a s e s  as  t h e  l amina te  end 
s h o r t e n i n g  i n c r e a s e s .  The stress r e s u l t a n t  a t  the  edges is more than  
twenty-f ive p e r c e n t  greater than  the stress r e s u l t a n t  a t  the  c e n t e r  
when 
- -  
u, / (  u, 1 cr= 1 . 0. 
0 
The w d i sp lacement  f o r  the outer-most 0 lamina a long  
- - -  
x = A/2 is p l o t t e d  i n  f i g u r e  3.18 f o r  U , / ( U , ) ~ ~ =  0.5, 0.8, and 1.0. 
- 
The i n i t i a l  imper fec t ion  f o r  t h i s  l amina te  is w , / t  = 0.5. Again, t h e  
r e s u l t s  i n  t h e  f i g u r e  are t y p i c a l  f o r  a plate  wi th  an  out-of-plane 
i n i t i a l  imper fec t ion .  The shape o f  t h i s  w-displacement curve  is 
- 
approximate ly  p a r a b o l i c  f o r  u o / ( u o )  cr= 0.5. T h i s  shape  changes as  
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- - -  
uo/(~o)cr increases. For U,/(U,)~~= 1.0, the magnitude of the 
( 1  1 Slope, w , ~  , is very large near the lamina edges and the w 
displacement is approximately constant for 0.3 6 y/b i 0.7. 
The maximum w displacement as a-function of end shortening 
for a [0 1 laminate is shown in figure 3.19. The laminate response 2 s  
for 
for w , / t  = 0.1 and 0.5. The maximum w displacement occurs at 
w,/t = 0. is included for comparison with the laminate response 
y = b/2 as illustrated in figure 3.18. The results in figure 3.19 
show that significantly large w displacements occur for the 
imperfect laminates. The w displacement is approximately equal to a 
lamina thickness for the laminate with colt = 0.1 for 
- u ~ / ( G ~ ) ~ ~ =  1 .O and almost equal to two lamina thicknesses for the 
- 
laminate with w,/t = 0.5 for <,/(u ) = 1.0. These large w 
O cr 
displacements produce large interlaminar shear stresses as discussed 
in section 3.2.2 Interlaminar Strains. 
The nonlinear behavior for a [0/901s laminate with initial 
imperfections is shown in figures 3.20 and 3.21. Laminate compressive 
stress as a function of laminate end shortening is plotted in figure 
3.20. This multi-directional laminate has the same wide-column 
behavior as the unidirectional laminate (cf., figure 3.16). The 
maximum stresses for [0/90]s laminates with 
- 
w,/t = 0.1 and 0.5 are 
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approximate ly  seven  and twenty-eight  p e r c e n t  lower,  r e s p e c t i v e l y ,  t h a n  
the  maximum stress f o r  t h i s  l amina te  with w, / t  = 0. These 
d i f f e r e n c e s  are similar t o  those  observed  f o r  t he  cor responding  [0 3 
2 s  
l amina tes .  The maximum w d isp lacement  as a f u n c t i o n  o f  end 
s h o r t e n i n g  f o r  a [0/90Is  l a m i n a t e  is shown i n  f i g u r e  3.21. The 
results i n  t h i s  f i g u r e  f o r  t h e  m u l t i - d i r e c t i o n a l  l amina te  are 
approximate ly  the  same as t h e  r e s u l t s  i n  f i g u r e  3.19 f o r  t he  
u n i d i r e c t i o n a l  lamina te .  Gene ra l ly ,  t h e  r e su l t s  f o r  the [0/90Is  
l a m i n a t e s  are approximate ly  the same as  t h e  Corresponding results f o r  
t h e  [ O  1 l amina te s .  2 s  
The n o n l i n e a r  behavior  f o r  a [+45]  l amina te  w i t h  i n i t i a l  
S 
imper fec t ions  is shown i n  f i g u r e  3.22. The normalized l amina te  
compressive stress is p l o t t e d  as a f u n c t i o n  o f  normalized l amina te  end 
s h o r t e n i n g  for U , / ( U , ) ~ ~ ~  1.0. R e s u l t s  f o r  ~ , / ( ~ , ) c r >  1.0 d i d  not  
- -  
converge t o  w i t h i n  the  s p e c i f i e d  t o l e r a n c e s .  The mode shape f o r  
short-wavelength buck l ing  of t h i s  l amina te  changes from having normal 
- -  
. waves t o  having  skewed waves for u, / (u , )  cr> 1 . O .  The lack of  
convergence is caused  by the changing mode shape .  The r e s u l t s  i n  t h e  
f i g u r e  approach  the wide-column behav io r  d i s c u s s e d  p rev ious ly .  The 
maximum compressive stresses i n  t h e  f i g u r e  f o r  [+451 l a m i n a t e s  w i t h  
S 
- - w , / t  = 0.1 and 0.5 are approximate ly  f i v e  and twelve  p e r c e n t  lower,  
r e s p e c t i v e l y ,  t h a n  the  compressive stress f o r  short-wavelength 
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- 
b u c k l i n g  o f  t h i s  lamina te  wi th  w o / t  = 0. The resul ts  f o r  the  C+45Is 
l a m i n a t e  with i o / t  = 0.1 
f o r  similar [0,Is and [0/90Is lamina tes .  
l a m i n a t e  with w o / t  = 0.5 s u g g e s t  t ha t  t h i s  imperfec t ion  has  less 
are approximately the  same as t h e  results 
The results f o r  the C+45Is 
- 
e f fec t  on the compressive stress o f  a Lk.451, lamina te  t h a n  on the  
compressive stresses of [ O  1 and [0/901 l a m i n a t e s .  2 s  S 
0 
The Nx and N. stress r e s u l t a n t s  f o r  a 45 lamina are 
XY 
- 
p l o t t e d  i n  f i g u r e  3.23 for U , / ( U , ) ~ ~ =  0.25 and 0.50. The i n i t i a l  
- 
i m p e r f e c t i o n  f o r  t h i s  C+45Is lamina te  is w o / t  = 0.5. Laminates wi th  
- U , / ( U , ) ~ ~ >  0.50 have compressive stresses more t h a n  a n  o r d e r  of 
magnitude g r e a t e r  than  the  t y p i c a l  compressive s t r e n g t h  f o r  a C.451 S 
l a m i n a t e ,  and resul ts  f o r  these l a m i n a t e s  are n o t  inc luded  i n  t h e  
f i g u r e .  The maximum Nx o c c u r s  a t  the  l a m i n a t e  edges a l though 
is approximate ly  c o n s t a n t  across the l a m i n a t e  wid th .  The stress 
r e s u l t a n t  N is c o n s t a n t  across t h e  l a m i n a t e  width.  The stress 
Nx 
XY 
r e s u l t a n t  Nx is more than  twice N for both  v a l u e s  o f  co/(iio)cr; 
X Y  
however, N is s u f f i c i e n t  t o  i n i t i a t e  f a i l u r e  w i t h i n  the  lamina te ,  
X Y  
and this f a i l u r e  is d i s c u s s e d  i n  t he  s e c t i o n  on l a m i n a t e  f a i l u r e  
p r e d  i c  t i o n s  . 
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R e s u l t s  f o r  t h e  w d i sp l acemen t s  i n  t h e  [+45], l amina te s  are 
p resen ted  i n  f i g u r e s  3.24 and 3.25. The w d i sp lacement  f o r  the  
outer-most 45 lamina a long  x = X/2 is p l o t t e d  i n  f i g u r e  3.24 f o r  
U , / ( U , ) ~ ~ =  0.25 and 0.50. 
is w o / t  = 0.5. 
approximately p a r a b o l i c  f o r  bo th  values o f  U , / ( U , ) ~ ~ .  The maximum w 
d isp lacement  as a f u n c t i o n  o f  end s h o r t e n i n g  is shown i n  f i gu re  3.25. 
The l amina te  response  f o r  w o / t  = 0. 
The l amina te  response  f o r  w o / t  = 0.1 and f o r  w , / t  = 0.5 are 
p resen ted  a l s o .  S i g n i f i c a n t l y  l a rge  w d i sp lacements  occur  f o r  the  
imperfect l amina te s .  The maximum w displacement  is greater than  1.5 
lamina t h i c k n e s s e s  f o r  the lamina te  w i t h  w o / t  = 0.1 f o r  
U , / ( U , ) ~ ~ =  1.0 
f o r  t h e  l amina te  w i t h  w o / t  = 0.5 f o r  uo / (uo )cp=  0.9. These w 
d i sp l acemen t s  are l a r g e r  t han  t h e  corresponding w d i sp lacements  f o r  
0 
- 
The i n i t i a l  imper fec t ion  f o r  t h i s  l amina te  
- 
The shape  of these w-displacement cu rves  is 
- -  
- 
is  c o i n c i d e n t  w i t h  t he  o r d i n a t e .  
- - 
- -  
and is approximately equa l  t o  two lamina t h i c k n e s s e s  
- -  
the  
f o r  
t h e  
[O2lS and [0/90Is l a m i n a t e s  because t h e  a x i a l  bending s t i f f n e s s  
the [+45] l a m i n a t e s  is less than  t h e  a x i a l  bending s t i f f n e s s  f o r  
S 
0 
0 -dominated lamina tes .  
The n o n l i n e a r  behavior  for a [+45/0/-45/90], l amina te  w i t h  
i n i t i a l  imper fec t ions  is shown i n  f i g u r e  3.26. The normalized 
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l amina te  compressive stress is p l o t t e d  as a f u n c t i o n  of normalized 
l a m i n a t e  end s h o r t e n i n g  f o r  1.0. R e s u l t s  for  
- -  
- 
u, / (u , )  cr> 1 .O d i d  no t  converge t o  w i t h i n  t h e  s p e c i f i e d  to l e rances .  
The lack o f  convergence is caused by changes i n  t he  l amina te  s h o r t -  
wavelength mode shape  and is similar t o  t h e  lack of  convergence noted  
f o r  t h e  [_+45], r e s u l t s .  The r e s u l t s  i n  the f i g u r e  approach t h e  wide- 
column behavior  d i scussed  previous ly .  The maximum compressive 
stresses i n  the  f i g u r e  f o r  [+45/O/-45/3OIs l a m i n a t e s  w i t h  
- 
w , / t  = 0.1 
and 0 .5  are  approximate ly  seventeen  and t h i r t y - s i x  pe rcen t  lower, 
r e s p e c t i v e l y  than  the  compressive stress f o r  short-wavelength buckl ing  
o f  t h i s  l amina te  w i t h  ;,It = 0. These d i f f e r e n c e s  f o r  an e ight-  
lamina l amina te  are larger than  t h e  cor responding  d i f f e r e n c e s  f o r  t h e  
four- lamina l a m i n a t e s  and are related t o  l amina te  th i ckness .  
0 
The Nx and N stress r e s u l t a n t s  f o r  a 45 lamina are 
X Y  
- -  - 
p l o t t e d  f o r  0.25 i n  f i g u r e  3.27 and f o r  U , / ( U , ) ~ ~ =  0.50 
0 
v a l u e s  for a 0 lamina also 
N X  
i n  f i g u r e  3.28. The cor responding  
are p l o t t e d  i n  the f i g u r e s .  The i n i t i a l  imper fec t ion  f o r  t he  l amina te  
is G o / t  = 0.5. The maximum Nx i n  the 0' and '15' laminae occur s  a t  
0 
t h e  l amina te  edges. For t h e  45 lamina N x  is approximately c o n s t a n t  




width. The difference between N for the 0 lamina and N x  for the 
X 
0 
45 lamina is approximately the same as the difference between the 
corresponding axial stiffnesses. 
Results for the w displacements in the [+45/0/-45/90] 
S 
laminates are presented in figures 3.29 and 3.30. The w 
0 - 
displacement for the outer-most lamina (45 lamina) along x = X/2 is 
plotted in figure 3.29 for 
- U,/(U,)~~= 0.25 and 0.50. The initial 
- 
imperfection for this laminate is wo/t = 0.5. The shape of these w- 
displacement curves is approximately parabolic for both values of 
u, u, 1 cr. The maximum w displacement as a function of end 
- -  
shortening is shown in figure 3.30. The laminate response for 
wo/t = 0. 
- 
is coincident with the ordinate. The laminate response for 
- 
wo/t = 0.1 and for w,/t = 0.5 are presented also. The results are 
plotted using the same scale as that in figures 3.19, 3.21, and 3.25 
and indicate that the w displacements for the eight-lamina laminate 
are much smaller than the w displacements for the four-lamina 
laminates. The w displacements for the eight-lamina laminate are 
only one-quarter to one-third the w displacements for the four- 
lamina laminates. The w displacements for the eight-lamina laminate 
are smaller than the w displacements for the four-lamina laminates 
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because the axial bending stiffness for the eight-lamina laminate is 
greater than the axial bending stiffness for the four-lamina laminate. 
3.2.2 Interlaminar Strains 
The strains in each matrix-foundation are expressed in 
equations (2.20) as functions of the w displacements of the adjacent 
fiber-plates. These strains are interlaminar normal and shearing 
strains. The interlaminar normal strain E ( i )  is negligible for all mz 
the cases in this study since the deformation of every laminate is 
dominated by the shear mode (see figure 1.1) .  This deformation also 
(i) to be 
These strains are 
(i) 
and 'mxz causes the interlaminar shear strains Y 
constant within each matrix-foundation region. 
largest at the interface between the two outer laminae because the 
gradients of the w displacements are largest at this interface. The 
interlaminar shear strains are represented by Y and Yxz and are 
reported for the interface between the two outer laminae in subsequent 
YZ 
- 
. discussion. The maximum Y occurs along x = mX/2, m = 1, 2, 
YZ 
3, ... (see figure 2.5a) since the w, component to this shear Y 
strain has a maximum along these lines. The maximum Y occurs XZ 
along nodal lines, x = nX, n = 0, 1, 2, ... (see figure 2.5a) since 
the w , ~  component to this shear strain has a maximum along these 
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l i n e s .  These i n t e r l a m i n a r  s t r a i n s  are caused by t h e  g e o m e t r i c a l l y  
n o n l i n e a r  behavior  of  the  laminae and are d i f f e r e n t  from the  
i n t e r l a m i n a r  s t r a i n s  t h a t  r e s u l t  from lamina material p r o p e r t y  
d i f f e r e n c e s  C631. 
I n t e r l a m i n a r  shear s t r a i n  d i s t r i b u t i o n s  i n  a L O  1 lamina te  
2 s  
a r e  shown i n  f igures  3.31, 3.32, and 3.33. The s t r a i n s  i n  f i g u r e s  
3.31 and 3.32 are f o r  
- 
u , / ( ~ , ) ~ ~ =  0.30 and 0.60, r e s p e c t i v e l y ,  and f o r  
- 
w , / t  = 0.1. The results i n  the f i g u r e s  show t h a t  t h e  magnitude of  
Y is a maximum a t  the l a m i n a t e  edges. The maximum and minimum 
YZ 
occur  a t  y /b  = 0.  and l . ,  r e s p e c t i v e l y .  The resul ts  
w ' Y  
v a l u e s  fo r  
i n  t h e  f igures  a l s o  show tha t  Y has  a p a r a b o l i c  d i s t r i b u t i o n  xz 
a c r o s s  t h e  lamina te  wid th  and is a maximum a t  t he  lamina te  c e n t e r .  
The maximum value f o r  w,  o c c u r s  a t  y/b = 0.5. The s t r a i n s  i n  f i g u r e  
3.33 are f o r  U , / ( U , ) ~ ~ =  0.30 and f o r  w , / t  = 0.5. The behavior  f o r  
X 
- 
Y and Yxz f o r  w,/ t  = 0.5 is approximately the  same as the  





and the  maximum Yxz a t  w,/t  = 0.5 are greater t h a n  t h e  maximum 
YZ 
Y 
w , / t  = 0.1. The w, / t  = 0.5 imperfec t ion  c a u s e s  i n t e r l a m i n a r  s t r a i n s  
and t h e  maximum Y x z ,  r e s p e c t i v e l y ,  f o r  bo th  load cases a t  
YZ 
- 
- -  
f o r  U , / ( U , ) ~ ~ =  0.3 t h a t  are g r e a t e r  t h a n  the  i n t e r l a m i n a r  s t r a i n s  
131 
for w o / t  = 0.1 a t  twice t h e  l o a d  l e v e l .  The maximum Y 
approaches f o u r  p e r c e n t  a t  an  end s h o r t e n i n g  t h a t  is only  t h i r t y  
p e r c e n t  of  t h e  end s h o r t e n i n g  a t  short-wavelength buckling. The 
r e s u l t s  i n  f i g u r e s  3.31 t o  3.33 a lso i l l u s t r a t e  that  the  maximum 




R e s u l t s  for  Y x z  on ly  a r e  presented  subsequent ly .  
0 0  
The Y x z  d i s t r i b u t i o n  a t  t he  0 /90 i n t e r f a c e  i n  a C0/901s 
0 0 
l amina te  is shown i n  f i g u r e  3.34 and a t  t he  +45 1-45 i n t e r f a c e  i n  a 
C+45Is l a m i n a t e  is shown i n  f i g u r e  3.35. 
U , / ( U , ) ~ ~ =  0.20, and t h e  r e s u l t s  i n  t h e  f i g u r e s  are similar. 
30th l a m i n a t e s  are loaded to  
- -  
These 
r e s u l t s  are a lso similar t o  t he  
f o r  a CO 3 lamina te  w i t h  i o / ( U o ) c r =  0.30. 
y X z  resu l t s  i n  f i g u r e s  3.31 and 3.33 
2 s  
0 0  
The Y x z  d i s t r i b u t i o n  a t  the  +45 / O  i n t e r f a c e  i n  a 
[+45/0/-45/90]s l a m i n a t e  is shown i n  f i g u r e  3.36. The lamina te  is 
loaded t o  ~ o / ( ~ o ) c r =  0.10. The results i n  t h e  f i g u r e  are similar t o  
those r e p o r t e d  for  t h e  four-lamina l a m i n a t e s  except  t h a t  t h i s  lamina te  
is loaded only  t o  U , / ( U ~ ) ~ ~ =  0.10. The w,  component t o  Y xz f o r  
- -  
X 
t he  [+45/0/-45/90]s lamina te  is l a r g e  because the  wavelength of t h e  
mode shape f o r  t h i s  l a m i n a t e  is extremely small, i .e.,  A = 0.0477 in .  
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(Table 3.3) .  
w displacements are small (figure 3.30) when compared to similar 
The w-gradients for this laminate are large although the 
results for the four-lamina laminates. 
3.2.3 Effects of Fiber Volume Fraction 
The fiber volume fraction Vf affects the short-wavelength 
buckling behavior of compression-loaded laminates. The effect of Vf 
on the compressive stress at short-wavelength buckling and on the 
half-wavelength of the buckling mode are illustrated in figures 3.2 
and 3.15, respectively. 
The fiber volume fraction also affects the nonlinear behavior 
of compression-loaded laminates with short-wavelength imperfections. 
The nonlinear results reported in the preceeding paragraphs are for 
laminates with V = 0.55. This section examines the behavior of f 
laminates with V = 0.45 and with Vf= 0.65. These Vf bound 
the typical laminates with structural applications. Typical results 
are presented in the following paragraphs for [O,], and C+45Is 
f 
laminates. 
The effect of Vf on the behavior of [O,], laminates is shown 
in figures 3.37 to 3.39. Laminate compressive stress as a function of 
the laminate end shortening is presented in figure 3.37. The laminate 
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- 
r e sponse  f o r  w , / t  = 0. is inc luded  f o r  comparison w i t h  t he  l amina te  
- 
r e sponse  fo r  w , / t  = 0.1 and 0.5. The results f o r  V f =  0.45 and 
V = 0.55 i n  t h i s  f i g u r e  bound the resu l t s  f o r  V f =  0.55 i n  f i g u r e  
3.16. 
e f f e c t  of f i b e r  volume f r a c t i o n  on l a m i n a t e  compress ive - s t r e s s  versus 
end-shor ten ing  r e sponse  is more s i g n i f i c a n t  f o r  w , / t  = 0.5 than  f o r  
w , / t  = 0.1. The compressive stress f o r  V f =  0.65 w i t h  
f 
The l a m i n a t e s  w i t h  V f =  0.65 are the  s t i f fes t ,  as expected.  The 
- 
- 
- -  
U , / ( U , , ) ~ ~ =  1 .0  is inore than  t e n  p e r c e n t  greater than  the  compressive 
stress f o r  V = 0.45 w i t h  u,/(u,)cr= 1.0 when w , / t  = 0.5. Similar f 
- 
results d i f f e r  by two pe rcen t  when w , / t  = 0.1. The maximum w 
d i sp lacement  as a f u n c t i o n  of l amina te  end s h o r t e n i n g  is shown i n  
f i g u r e  3.38. These resul ts  a l s o  bound the r e s u l t s  f o r  V f =  0.55 i n  
f i g u r e  3.19. S i g n i f i c a n t l y  l a r g e  w d i sp l acemen t s  are observed f o r  
t h i s  l amina te  a t  each  f ibe r  volume f r a c t i o n .  The w d i sp l acemen t s  
f o r  V f =  0.45 are g r e a t e r  t han  o r  equa l  t o  a lamina t h i c k n e s s  f o r  
- 
w , / t  = 0.1. The w d i sp l acemen t s  f o r  V = 0.65 are g r e a t e r  t han  or f 
- 
e q u a l  t o  1.5 lamina t h i c k n e s s e s  f o r  w , / t  = 0.5. The l a m i n a t e s  wi th  
V f =  0.65 have the  largest  w d i sp l acemen t s  of the l a m i n a t e s  s t u d i e d  
because  t h e  mat r ix- foundat ion  r e g i o n s  are t h i n n e s t  f o r  V f =  0.65. 
T h i s  t h i n  r e g i o n  may a l low l a r g e  
p l a t e s .  
w d i sp l acemen t s  f o r  the  f iber-  
The i n t e r l a m i n a r  shear s t r a i n  d i s t r i b u t i o n  a c r o s s  the  
134 
- -  
l a m i n a t e  is p l o t t e d  i n  f i g u r e  3.39 f o r  u , l (u , )cr= 0.30. The 
cor responding  r e s u l t s  f o r  V f =  0.55 
3.33. The effect  of f i b e r  volume f r a c t i o n  on yXz is more 
are p l o t t e d  i n  f i g u r e s  3.31 ana 
- - 
s i g n i f i c a n t  f o r  w , / t  = 0.5 t h a n  f o r  w , / t  = 0.1. The Yxz f o r  
V f =  0.65 a t  y / b  = 0.5 is more than f o r t y - t h r e e  p e r c e n t  greater than  
- 
f o r  V = 0.45 a t  y / b  = 0.5 when w , / t  = 0.5. Similar r e s u l t s  
yXZ f 
- 
d i f f e r  by twenty-eight  p e r c e n t  when w , / t  = 0.1. The large w 
d i sp lacements  shown i n  f i g u r e  3.38 may l e a d  t o  large w-gradients t h a t  
c o n t r i b u t e  t o  Yxz. 
The e f fec t  of Vf  on the behavior of C+_4SIs l a m i n a t e s  is shown 
i n  f i g u r e s  3.40 t o  3.42. Laminate compressive stress as a f u n c t i o n  of 
t h e  lamina te  end s h o r t e n i n g  is presented  i n  f i g u r e  3.40. The r e s u l t s  
i n  t h i s  f i gu re  f o r  V = 0.45 and V f =  0.65 are w i t h i n  f i v e  percent  f 
o f  t h e  r e s u l t s  i n  f i g u r e  3.22 f o r  V = 0.55. The l a m i n a t e s  w i t h  f 
V f =  0.65 are the  s t i f f e s t .  The effect  of f i b e r  volume f r a c t i o n  on 
t h e  results i n  f i g u r e  3.40 is n o t i c e a b l e  but  no t  s i g n i f i c a n t  because a 
change i n  Vf  has a n o t i c e a b l e  but  n o t  s i g n i f i c a n t  change i n  t h e  
a x i a l  e x t e n s i o n a l  s t i f f n e s s  f o r  t h i s  laminate .  The maximum w 
displacement  as a f u n c t i o n  of  lamina te  end s h o r t e n i n g  is shown i n  
f i g u r e  3.41. The l a m i n a t e  response  f o r  w , / t  = 0. is c o i n c i d e n t  w i t h  
- 
t h e  o r d i n a t e .  These r e s u l t s  are also very similar t o  t he  results i n  
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figure 3.25 for Vf= 0.55. Significantly large w displacements are 
observed for this laminate at each fiber volume fraction, and the 
largest w displacements occur in laminates with Vf= 0.65. The 
interlaminar shear strain distribution across the laminate at the 
+45 /-45 
0 0 - -  
interface is plotted in figure 3.42 for U,/(U,)~~= 0.30. 
The corresponding results for Vf= 0.55 are plotted in figure 3.35. 
The Y x z  for V = 0.65 at y/b = 0.5 is more than thirty percent 





Similar results are observed when w,/t = 0.1. The large w 
displacements shown in figure 3.41 may lead to large w-displacement 
gradients that contribute to Yxz. 
3.3 Laminate Failure Predictions 
3.3.1 Dominant Mechanisms 
This section applies the results of the present analysis for 
the short-wavelength buckling response and for the geometrically 
nonlinear response of a laminate to the failure of compression-loaded 
laminates. Specifically, laminate failure initiated by outer-lamina 
buckling, by interlaminar shear strains from lamina imperfections, or 
by inplane shearing stresses is considered. Outer-lamina buckling 
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occurs at an outer-lamina stress determined by equation (3.8).  This 
phenomenon is independent of the fiber orientation of the outer 
laminae since short-wavelength buckling behavior is dominated by the 
matrix contributions. This phenomenon is not observed for many 
laminates because other mechanisms dominate their failure. An example 
of such a mechanism is interlaminar shearing caused by lamina short- 
wavelength imperfections. A simple maximum-shear-strain criterion is 
used in this study to predict failure due to this mechanism. The 
shear strain for matrix failure is used for this maximum shear strain, 
The nonlinear analysis is used to calculate the laminate compressive 
stress for this interlaminar shearing failure. Another mechanism that 
may dominate laminate failure is the inplane shearing at the fiber- 
matrix interface and in the epoxy matrix between fibers. This inplane 
shearing has been referred to as matrix shearing and has been shown to 
initiate failure in compression-loaded [+45Is-class laminates [641. A 
simple maximum-shear-stress criterion is used in this study to predict 
failure due to matrix shearing. The nonlinear analysis derived herein 
also is used to calculate the laminate compressive stress for inplane 
shear failure. 
The compressive strength 5c is shown as a function of lamina 
orientation in figure 3.43 for [+el laminates. The laminate S 
compressive strength is normalized by the compressive stress for 
short-wavelength buckling of a [02], laminate, i.e., 5 0 =  433.5 ksi 
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(Tab le  3.2). Short-wavelength buck l ing  of t h e  o u t e r  laminae occur s  a t  
uc/u0= 0.66 (289.6 k s i )  f o r  a l l  8 and is i n d i c a t e d  by the  h o r i z o n t a l  
l i n e  i n  t he  f i g u r e .  The ax ia l  compressive stress f o r  l amina te  f a i lu re  
by short-wavelength buck l ing  of the  o u t e r  laminae is less than  f i v e  
p e r c e n t  greater than  the  compressive stress f o r  i n t e r l a m i n a r  shear 
0 0 
f a i l u r e  when 0 <= 0 I 15 . Laminate f a i l u r e  due t o  i n t e r l a m i n a r  
- 
s h e a r i n g  f o r  l a m i n a t e s  with w o / t  = 0.1 and f o r  l a m i n a t e s  with 
- 
w o / t  = 0.5 is p l o t t e d  i n  the f i g u r e  f o r  a maximum shear s t r a in  
= 0.036 (543.  The l amina te  compressive s t r e n g t h  due t o  (Yxz)max 
i n t e r l a m i n a r  s h e a r i n g  d e c r e a s e s  as e i n c r e a s e s .  Laminate f a i l u r e  
due t o  ma t r ix  s h e a r i n g  is p l o t t e d  i n  the f i g u r e  f o r  a maximum shear 
s t r e s s  i n  the p r i n c i p a l  material c o o r d i n a t e  s y s t e m  ( T  1 = 13.8 k s i  12  max 
[64 ] .  The l a m i n a t e  compressive s t r e n g t h  due t o  ma t r ix  s h e a r i n g  
0 0 
approaches  i n f i n i t y  f o r  8 nea r  0 and f o r  0 near  90 . Results f o r  
0 0 
i n p l a n e  matrix s h e a r i n g  are p l o t t e d  f o r  10 5 e 5 85 . The resul ts  
i n  f i g u r e  3.43 s u g g e s t  that  l amina te  f a i l u r e  f o r  [*e], l a m i n a t e s  may 
be  due t o  shor t -wavelength  buck l ing  of t h e  o u t e r  laminae f o r  
- 
0' i e < 15' when G o / t  < 0.1. The i n i t i a l  i m p e r f e c t i o n s  w , / t  < 0.1 
are very  small and may rarely occur  i n  t y p i c a l  l amina te s .  Laminate 
fa i lure  f o r  [+e ls  l a m i n a t e s  is due t o  i n t e r l a m i n a r  s h e a r i n g  f o r  
0 6 8 < 15 when w , / t  2 0.1. The compressive s t r e n g t h  due t o  0 0 - 
135 
interlaminar shearing is a function of ;,It. The results in the . 
figure also suggest that laminate failure is due to inplane matrix 
0 0 
shearing for 15 S e 4 75 . The compressive strength due to matrix 
shearing is not a function of wo/t. Results from the present model 
- 
0 0 
for 75 < e i 90 are not applicable to laininate failure. Typical 
failure in these laminates appears to be initiated by compressive 
failure of the matrix. The present model treats the matrix as an 
elastic foundation and axial loading of the matrix-foundation is not 
considered. Nevertheless, the present model predicts laminate 
failures initiated by outer-lamina buckling, by interlaminar shearing, 
0 0 
or by inplane matrix shearing for 0 5 e <, 75 . The present model is 
unique in its ability to predict the compressive strength as a 
function of short-wavelength buckling and shear failures for such a 
variety of laminates. 
0 
3.3.2 Simple Equations for 0 -Dominated Laminates 
0 
Many laminates used in structural applications have 0 
laminae, and the behavior of these laminae often dominates the 
behavior of the laminate. Such laminates are referred to as 0 - 
dominated laminates. Some examples of 0 -dominated laminates are 
0 
0 
C0/90Is and C0/+45/90Is. The compressive failure of a 0'-dominated 
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0 
l amina te  can be p r e d i c t e d  by determining the  fa i lure  of t h e  0 
laminae.  The p r e s e n t  a n a l y s i s  can be used t o  determine the 
0 
compressive s t r e n g t h  of 0 laminae,  and the  results i n  f i g u r e  3.43 
show t h a t  many [Ol - c l a s s  l amina te s  f a i l  due t o  i n t e r l a m i n a r  shea r ing .  
S 
0 
T h i s  fa i lure  mode can cause f a i l u r e  of 0 laminae i n  a laminate .  
A s i m p l e  method can be used  t o  p r e d i c t  t he  compressive f a i l u r e  
0 
of 0 -dominated lamina tes .  The  method is r e f e r r e d  t o  h e r e i n  as t h e  
s t i f f n e s s - r a t i o  method and is o u t l i n e d  as fo l lows :  
0 
1 .  Determine t h e  compressive s t r e n g t h  of a 0 lamina by us ing  
t h e  results from t h e  p r e s e n t  a n a l y s i s  i n  f i g u r e  3.43; 
0 
2.  C a l c u l a t e  t h e  load  i n  t h e  0 laminae of t he  g iven  lamina te  
0 
when t h e  0 laminae w i l l  f a i l ;  
3. C a l c u l a t e  the  load  i n  a l l  o t h e r  lamina of the g iven  
0 




Po = l oad  i n  a e - o r i e n t e d  lamina 
0 
Po = l oad  i n  a 0 lamina 
= Young’s modulus i n  t h e  x - d i r e c t i o n  f o r  a e -o r i en ted  Exe 
lamina (see f i g u r e  2.4) 
is determined from [121 Exe 
- = -  1 
Exe 1 12 El  1 
cos 4 e + (7 1 - -  2v12 )cos 2 e s i n  2 0 
4 + -  I s i n  e 
E22 
(3.12)  
and v a r e  lamina p r o p e r t i e s  i n  where E l l  9 G 1 2 ’  12 
t h e  p r i n c i p a l  material c o o r d i n a t e  system; 
4.  Sum the  l o a d s  of a l l  laminae t o  de te rmine  t h e  l amina te  
f a i lu re  l o a d ;  
5. C a l c u l a t e  the  l a m i n a t e  compressive s t r e n g t h .  
The s t i f f n e s s - r a t i o  method assumes t h a t  t h e  l amina te  is loaded by 
uniform end s h o r t e n i n g  (i.e.,  c o n s t a n t  s t r a in )  and tha t  the  l amina te  
has l i n e a r  s t r e s s - s t r a i n  behavior .  
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The s t i f f n e s s - r a t i o  method results i n  a s imple  equa t ion  fo r  
0 
the  compressive s t r e n g t h  of a 0 -dominated l a m i n a t e  
where 
= compressive s t r e n g t h  of t he  l amina te  'lam 
0 
a = compressive s t r e n g t h  o f  a 0 lamina 
N - number of laminae i n  t h e  l amina te  
0 
(3.13) 
The p red ic t ed  l a m i n a t e  s t r e n g t h  u s i n g  equa t ion  (3.13) is compared t o  
0 
t h e  expe r imen ta l  s t r e n g t h  f o r  t h r e e  0 -dominated l a m i n a t e s  i n  Tab le  
3.4. All l a m i n a t e s  have V f =  0.55, and the  compressive s t r e n g t h  of a 
0 
0 lamina is de termined  us ing  f igure 3.43 w i t h  u / ao=  0.45. The e 
expe r imen ta l  s t r e n g t h s  are t y p i c a l  r e s u l t s  from e x t e n s i v e  t e s t i n g .  
The agreement between p r e d i c t e d  s t r e n g t h  and expe r imen ta l  s t r e n g t h  f o r  
this l i m i t e d  number o f  l a m i n a t e s  is e x c e l l e n t .  The maximum d i f f e r e n c e  
between t h e  p r e d i c t e d  s t r e n g t h s  and the expe r imen ta l  s t r e n g t h s  is less 
than  f i v e  p e r c e n t .  
Chapter 4 
CONCLUSIONS 
4.1 Concluding Remarks 
This investigation studies the short-wavelength buckling (or 
microbuckling) of multi-directional composite laminates loaded in 
uniaxial compression. This investigation also studies the 
interlaminar shear failures due to short-wavelength initial 
imperfections for the laminae and the inplane shear failures in these 
laminates. A laminate model is presented that idealizes each lamina. 
The fibers in the lamina are modeled as a plate, and the matrix in the 
lamina is modeled as an elastic foundation. The model is applied to 
symmetric laminates having linear material behavior. The laminates 
are loaded in uniform end shortening and are simply supported on all 
edges. 
The present model is used to determine linear and nonlinear 
laminate responses. A linear analysis is derived to determine the 
short-wavelength buckling response of composite laminates. The out- 
of-plane w displacement for each plate is expressed as a 
trigonometric series in the half-wavelength of the mode shape for 
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laminate short-wavelength buckling. Results from this linear analysis 
are also compared to previous results for unidirectional laminates. 
The present linear analysis for laminates with no initial 
imperfections is generalized to obtain a nonlinear analysis for the 
response of laminates with short-wavelength initial imperfections. 
This nonlinear analysis is derived using nonlinear strain-displacement 
relations. The results of the present linear and nonlinear analyses 
are used to develop a compressive failure criterion for composite 
laminates. 
The present linear analysis is used to determine the laminate 
stresses, strains, and mode shape for short-wavelength buckling of 
several different laminates. The compressive stress that corresponds 
to short-wavelength buckling from this analysis for any symmetric 
laminate simplifies t o  the critical compressive stress for short- 
wavelength buckling from previous studies for unidirectional 
laminates. The equations for the laminate compressive stress 
corresponding to short-wavelength buckling are dominated by matrix 
contributions. The compressive stress corresponding to short- 
wavelength buckling of the outer laminae is half the compressive 
stress that corresponds to short-wavelength buckling of the interior 
laminae. 
outer laminae characterize the compression failure of [Ols-class 
The short-wavelength buckling and delamination of these 
laminates. The compressive stress that corresponds to short- 
wavelength buckling of some quasi-isotropic laminates is lower than 
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t h e  compressive stress t h a t  cor responds  t o  short-wavelength buckl ing  
o f  u n i d i r e c t i o n a l  l a m i n a t e s  w i t h  t he  same number of laminae.  T h i s  
0 
lower  stress may b e  due  t o  these q u a s i - i s o t r o p i c  l a m i n a t e s  having 0 
laminae as t h e  outer-most laminae and not  having any i n t e r i o r  
0 laminae.  The compressive stress tha t  co r re sponds  t o  sho r t -  
wavelength buck l ing  is a f u n c t i o n  o f  f i b e r  volume f r a c t i o n ,  and t h i s  
0 
compress ive  stress is determined from a s i n g l e  curve .  All l a m i n a t e s  
i n  t h i s  s t u d y  buckle  i n t o  t h e  short-wavelength shear mode. T h i s  mode 
shape  is dominated by i n t e r l a m i n a r  s h e a r i n g ,  and e x t e n s i o n a l  
de fo rma t ions  between laminae are n e g l i g i b l e .  A l l  ba lanced ,  symmetric 
l a m i n a t e s  have mode shapes w i t h  half-waves o r i e n t e d  normal t o  t he  
d i r e c t i o n  o f  a p p l i e d  load. Most of  t h e  ha l f -wavelengths  f o r  s h o r t -  
wavelength buck l ing  are on the  order o f  O(l0-’). The magnitude of  
these ha l f -wavelengths  may i n f l u e n c e  the  expe r imen ta l  compressive 
s t r e n g t h s  f o r  composi te  materials. Some compressive t es t  methods f o r  
composi te  materials may i n h i b i t  t he  n a t u r a l  f a i l u r e  mode f o r  a 
l a m i n a t e  by s u p p o r t i n g  the  t es t  specimen a long  the  l e n g t h  i n  a manner 
t h a t  s u p p r e s s e s  o r  p r e v e n t s  short-wavelength buckl ing .  The degree  o f  
specimen s u p p o r t  f o r  d i f f e r e n t  test methods may c o n t r i b u t e  t o  t h e  
scat ter  i n  compressive s t r e n g t h  data f o r  composi te  l amina te s .  
The n o n l i n e a r  a n a l y s i s  f o r  laminae  w i t h  short-wavelength 
i n i t i a l  i m p e r f e c t i o n s  is used t o  de te rmine  l amina te  stresses and 
i n t e r l a m i n a r  s t r a i n s .  Th i s  a n a l y s i s  p rov ides  t h e  c a p a b i l i t y  t o  
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calculate these stresses and strains for a variety of laminates. The 
nonlinear behavior of four laminates with orientations of [O 1 
2 s' 
[0/901,, [t45IS, and c+45/0/-45/901s is discussed. The initial 
imperfection for each lamina have the same shape as the laminate's 
short-wavelength buckling mode, and results are presented Por 
imperfection-amplitude-to-lamina-thickness ratios of 0.1 and 0.5. The 
compressive-stress verses end-shortening behavior for all laminates is 
similar to the behavior of a wide column. The wide-column response 
for each composite laminate defines a maximum compressive stress that 
corresponds to the maximum load-carrying capacity of the laminate. 
The distribution of the lamina inplane stress resultants, N and 
N across each lamina is discussed. The stress resultant Nx at 
X 
XY' 
the edges of the lamina is greater than Nx at the center of the 
lamina. The stress resultant N is constant across the lamina 
XY 
width. The stress resultant Nx is larger than the stress resultant 
N as expected; however, N is sufficient to initiate failure 
XY ' XY 
within some laminates. The interlaminar shear strains due to the 
initial imperfections are calculated, The w, displacement X 
gradients cause significant interlaminar shear strains Yxz, The 
interlaminar shear strains Y are greater than 0.03 for laminate XZ 
compressive loadings that are less than thirty percent of the laminate 
loading for short-wavelength buckling of some laminates. The Yxz 
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for each l amina te  is largest between the o u t e r  two laminae.  The 
effects  o f  f iber volume f r a c t i o n  on the  n o n l i n e a r  l amina te  response  
a re  p resen ted  f o r  [O 1 The lamina te  s t i f f n e s s  and Ck451, l amina te s .  2 s  
i n  the lamina te  i n c r e a s e  as t h e  f i b e r  volume y*z and the maximum 
f r a c t i o n  i n c r e a s e s .  
A f a i l u r e  c r i t e r i o n  f o r  compression-loaded l amina te s  is 
p resen ted .  Laminate f a i l u r e s  t h a t  i n i t i a t e  by outer- lamina buckl ing ,  
by i n t e r l a m i n a r  shear s t r a i n s  from lamina imper fec t ions ,  o r  by inp lane  
ma t r ix  s h e a r i n g  are inc luded  i n  t he  c r i t e r i o n .  The p r e s e n t  l i n e a r  
a n a l y s i s  is used t o  c a l c u l a t e  t he  compressive stress tha t  cor responds  
t o  outer- lamina buck l ing ,  and the p r e s e n t  non l inea r  a n a l y s i s  is used 
t o  c a l c u l a t e  t he  compressive stress t h a t  cor responds  t o  t h e  
i n t e r l a m i n a r  and i n p l a n e  shear fa i lures .  The l amina te  s t r e n g t h  is 
c a l c u l a t e d  as a f u n c t i o n  of  lamina o r i e n t a t i o n  f o r  [ + e l  l amina tes .  
S 
0 0 
Compressive f a i l u r e  o f  [ & e ]  l amina te s  f o r  0 I e < 15 is  due t o  
S 
- 
outer- lamina buckl ing  when 
s h e a r i n g  when w o / t  2 0.1. 
w , / t  < 0.1 
Compressive f a i l u r e  o f  these l amina te s  f o r  
and is due t o  i n t e r l a m i n a r  
0 0 
15 I e S 75 is due t o  i n p l a n e  mat r ix  shea r ing .  R e s u l t s  from the 
p r e s e n t  a n a l y s i s  are not  a p p l i c a b l e  f o r  9 > 75 . The f a i l u r e  of 0 
C+91s l a m i n a t e s  with 9 > 75' appea r s  t o  be i n i t i a t e d  by compressive 
f a i l u r e  o f  t he  ma t r ix ,  and t h i s  t y p e  of f a i l u r e  is no t  cons idered  i n  
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the present model. A simple method called the stiffness-ratio method 
0 
is introduced for predicting the strength of 0 -dominated laminates. 
The stiffness-ratio method uses results from the present nonlinear 
analysis, and the difference between predicted strengths and 
experimental strengths is less than five percent for a limited number 
of laminates. 
4.2 Recommendations for Future Studies 
An analytical study of short-wavelength buckling and shear 
failures in symmetric composite laminates has been described. 
Recommendations for future studies are grouped in three categories: 
analytical extensions; additional experimental verification; and 
applications of the present theory. A useful analytical extension to 
this study would be to generalize the present theory to unsymmetric 
laminates. Such laminates are being considered for use in the next 
generation of commercial transport aircraPt structures. Another 
useful analytical extension would be to include material nonlinearity 
in the present theory. Material properties may be a function of the 
compressive load level. These properties are also affected by the 
residual thermal stresses in the laminate and the operating 
temperature of the composite structure. The formulation of the 
present theory is sufficiently general that these analytical 
7 48 
extensions could be included by modifying the strain energy 
expressions. 
Additional experimental verification of the present analytical 
results is needed. The effect of the compression test method on a 
laminate's compressive strength and failure mode should be evaluated. 
A study of compression-loaded [ + e l  laminates might focus on the 
S 
short-wavelength buckling and shear failure mechanisms that were 
0 
described for these laminates. An experimental study of 0 -dominated 
laminates is needed to better evaluate the stiffness-ratio method for 
predicting the compressive strength of these laminates. 
The present theory may be applied in current research. 
Interleaved materials are currently being considered as one of the 
next generation of composite materials. These materials have soft 
adhesive layers that are used (or interleaved) between stiff composite 
layers. Laminates of interleaved materials are similar to the model 
in the present analysis, i.e., alternating soft and stiff layers. The 
present theory may be very useful for predicting the failure 
mechanisms in laminates of interleaved materials. The present theory 
also may be useful for understanding the compressive behavior of woven 
composite laminates. The initial imperfections due to weaving are 
known and may dominate the compressive response of these laminates. 
An investigation of the unique failure mechanisms of woven composite 
laminates needs to be conducted. 
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T a b l e  2.1. T y p i c a l  e las t ic  p r o p e r t i e s  f o r  t he  graphi te-epoxy 
f iber-plate and matr ix-foundat ion.  
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Transverse  Young's modulus, E22,  Msi 
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11 
vl 2 
Minor Po i s son ' s  r a t i o ,  v 
Young's nodulus ,  Em, M s i  
Shear modulus, Gm, Msi 
Po i s son ' s  r a t i o ,  urn 












Table 3.1, Short-wavelength buckling resul ts  f o r  s e l e c t e d  
two-lamina laminates .  
Or i en ta t ion  
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Table  3.2. Short-wavelength buckl ing  r e s u l t s  f o r  selected 
four- lamina l a m i n a t e s  
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Table 3.3. Short-wavelength buckl ing r e s u l t s  f o r  s e l e c t e d  
e i g h t -  lami na l amina te s  . 
Laminate 
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Table 3.4. Laminate compressive s t r e n g t h s .  
L a m i  na t e 
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